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High Inflation:
Low Default Risk AND Low Equity Valuations

ABSTRACT

We develop an asset-pricing model with endogenous corporate policies that explains how inflation
jointly impacts real asset prices and corporate default risk. Our model includes two empirically
founded nominal rigidities: fixed nominal debt coupons (sticky leverage) and sticky cash flows. These
two frictions result in lower real equity prices and credit spreads when expected inflation rises. A
decrease in expected inflation has opposite effects, with even larger magnitudes. In the cross-section,
the model predicts that the negative impact of higher expected inflation on real equity values is

stronger for low leverage firms. We find empirical support for the model’s predictions.
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1 Introduction

Corporate default risk falls during times of higher expected inflation. But so do firms’ equity values,
despite lower bankruptcy risk. Figure 1 documents these two empirical facts for the U.S. over the period
1970Q2-2019Q4, after orthogonalizing expected inflation with respect to real economic conditions.
Panel A illustrates the strong negative relationship between expected inflation and the number of
quarterly defaults in the U.S., whereas Panel B shows a similar negative relationship between expected
inflation and the price-dividend ratio. In this paper, we explain how shareholders can rationally value
equity less favorably during periods of higher expected inflation, despite facing lower bankruptcy risk.
We propose a theory that reconciles this apparent contradiction and provide novel empirical evidence
that these relationships are robust features of the data.’

Existing theories have overlooked the connection between these two empirical relationships and
only examined them separately. One branch of the literature focuses on the link between expected
inflation and default risk, but yields counterfactual implications for equity valuation. In Bhamra,
Fisher, and Kuehn (2011), Kang and Pflueger (2015), and Gomes, Jermann, and Schmid (2016),
higher expected inflation increases both the nominal risk-free rate and the expected growth rate of a
firm’s nominal cash flows. Both effects reduce firms’ indebtedness and default risk, but these models
predict a counterfactual increase in equity prices. Another branch of the literature investigates the
link between expected inflation and equity values, but this literature remains silent on implications
for default risk (see, e.g., Modigliani and Cohn (1979), Feldstein et al. (1980), Ritter and Warr (2002),
Sharpe (2002), and Campbell and Vuolteenaho (2004)).2 A common explanation for the link between
inflation and equity prices is money illusion: investors discount real cash flows with nominal discount
rates.® In contrast to the existing literature, we propose a unified treatment of the empirical facts we
illustrate in Figure 1.

We build on Bhamra, Kuehn, and Strebulaev (2010a,b) and Chen (2010) and construct an asset-
pricing model with fluctuating levels of expected inflation to explain these apparently contradictory

observations.? Our framework provides predictions on default risk and equity values from a corporate

'We show the relationships displayed in Figure 1 are not an artifact of firm aggregation: we find that the same sets of
firms experience a decrease in default risk and equity valuation when expected inflation increases. Furthermore, firm-level
regressions reveal that equity valuation and default risk jointly decrease with expected inflation after controlling for firm
characteristics and variations in aggregate financial/economic conditions.

2 Additional contributions to this literature are Lintner (1975), Bodie (1976), Fama and Schwert (1977), Miller,
Jeffrey, and Mandelker (1976), Nelson (1976), Fama (1981), Schwert (1981), Geske and Roll (1983), Gultekin (1983),
Solnik (1983), Pindyck et al. (1984), Kaul (1987), Pearce and Roley (1988), Kaul and Seyhun (1990), Boudoukh and
Richardson (1993), and Bekaert and Wang (2010).

3 Alternative explanations are the non-neutrality of inflation and the existence of an inflation risk premium. We
describe the relevant literature in more detail below.

“Bhamra et al. (2010a,b) and Chen (2010) analyze firms’ capital-structure and default decisions, as well as levered
asset prices, in a consumption-based model with changing macroeconomic conditions. Our key modeling contribution
relative to the above papers is the introduction of a new state variable (stochastic expected inflation) and two specific
nominal rigidities (sticky leverage and sticky cash flows). Understanding how these two nominal rigidities impact the
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Figure 1: Default risk, equity valuation, and expected inflation in the U.S.

This figure illustrates the relationship between default risk, equity valuation, and expected inflation. Panel A
reports the number of quarterly defaults of firms domiciled in the U.S. with debt rated by Moody’s. Default
data is from the Moody’s Default and Recovery Database. Panel B displays the price-dividend ratio, computed
as the value-weighted CRSP price index in the last month of the quarter divided by the sum of dividends paid in
the last 12 months. Expected inflation is the one-year-ahead inflation forecast from the Survey of Professional
Forecasters, which is orthogonalized with respect to real economic conditions, as measured by real consumption
growth, NBER recessions, and a dummy for the Great Recession. The sample spans the period 1970Q2-2019Q4.

finance perspective, whereby firms’ financing and default policies are endogenous. Firms issue nominal
debt and equity, which are priced by a representative agent with Epstein-Zin-Weil preferences. The
economy switches randomly between expansion and recession, creating intertemporal macroeconomic
risk. A two-state Markov regime-switching model with parameter estimates based on quarterly U.S.
consumption data over the period 1970Q2-2019Q4 determines the switches between real states. We
introduce three expected inflation states (low, moderate, and high) via a second Markov regime-
switching process that matches the one-year mean inflation forecast from the Survey of Professional
Forecasters. We refer to fluctuations in the expected inflation rate as inflation risk, which is distinct
from real macroeconomic risk. We consider both correlated and uncorrelated real macroeconomic risk
and inflation risk regimes. Furthermore, we can allow for a time-varying correlation between shocks
to consumption growth and inflation, consistent with the empirical evidence (see Bilal (2017), Boons,
Duarte, de Roon, and Szymanowska (2020) and Campbell, Pflueger, and Viceira (2020)).

We impose two key frictions in our model, both of which act as nominal rigidities. First, firms
keep their nominal debt coupons fixed. This stickiness of leverage means changes in expected inflation

impact real asset prices via shifts in the real values of debt coupons. Second, price rigidity in the

way expected inflation affects endogenous corporate financial policies and real asset prices forms the novel theoretical
core of this paper.



goods market implies sticky nominal cash flow growth in the short run, and so expected nominal cash
flow growth changes less than one-for-one with changes in expected inflation. We denote this friction
as sticky cash flows and find strong empirical support for this nominal rigidity in U.S. data. Our
assumption is consistent with the evidence on the stickiness of output prices (see, e.g., Nakamura
and Steinsson (2008), Gorodnichenko and Weber (2016)), Pasten, Schoenle, and Weber (2019) and
D’Acunto, Liu, Pflueger, and Weber (2018) and nominal rigidities are also central to explain the real
effects of large-scale asset purchase programs (Elenev (2019)).°

We show these two empirically motivated nominal frictions are sufficient to explain the stylized
facts in Figure 1. Our model predicts an individual firm experiences both lower credit risk and lower
equity valuation during periods of higher expected inflation. In addition, we extend our analysis to
an economy of firms, whose distribution of leverage ratios is structurally similar to that in the data.
We show the negative impact of expected inflation on equity valuation and default risk continues to
hold—and thus does not cancel out—when aggregating over a cross-section of firms.

Each friction plays a distinct role in driving our theoretical results. The sticky leverage nominal
rigidity is the key driver of the result that an increase in expected inflation reduces credit risk: an
increase in expected inflation increases firm performance in nominal terms—or alternatively reduces
the real debt coupon, which decreases the default probability. The sticky cash flow rigidity, however,
determines how changes in expected inflation affect equity valuation, and does so via two distinct
effects. First, a higher nominal cash flow growth rate caused by a rise in expected inflation increases
the equity value. Second, firm cash flows are discounted at a higher nominal risk-free rate, which
decreases the equity value. The latter discount rate effect dominates the former cash flow effect,
because the nominal risk-free rate varies one-for-one with expected inflation, whereas the nominal cash
flow growth rate varies less than one-for-one with expected inflation. Hence, equity value decreases
with expected inflation, because of sticky cash flows.

The model also generates the convexity in the relations depicted in Figure 1. A decrease in
expected inflation increases the value of equity, and it appears natural to assume an increase in
expected inflation of the same size will result in an equal-sized decrease of equity values. But such an
analysis is incomplete, because it ignores how the present value of firm cash flows depends non-linearly
on the nominal risk-free rate, and thus on the level of expected inflation, via nominal discounting.®

The relation between equity valuation and expected inflation is thus asymmetric, and low expected

®Nominal price rigidities are the leading explanation of the real effects of monetary policy. We show that sticky cash
flows arise endogenously in a continuous-time New Keynesian model with aggregate risk, where firms have monopoly
power and adjust their prices subject to quadratic costs as in Rotemberg (1982). It is also the case that menu-cost models
with fixed costs generate a band of inaction, rationalizing price non-adjustment to shocks (see, e.g., Mankiw (1985) and
Ball and Mankiw (1994)).

5This prediction arises although default probabilities are convex in the distance-to-default, which implies that an
increase in default risk depresses the value of equity more than a decrease in default risk of the same size. But we show
this effect is not sufficient to offset the asymmetry arising from nominal discounting.



inflation is not the mirror image of high expected inflation. Lower expected inflation increases equity
prices more than higher expected inflation depresses them, which implies the presence of fluctuations
in expected inflation increases equity valuation on average.” Hence, the presence of inflation risk has a
positive—and not a negative—effect on real asset values. Our paper thus contributes to understanding
the impact of inflation risk on asset pricing and in showing that the existence of inflation fluctuations
can be economically beneficial to investors.

At first glance, it may appear the sticky leverage assumption drives the model’s results for credit
risk while the sticky cash flow assumption drives the equity valuation results. If the two assumptions
operated independently, it could call into question the rationale behind studying how expected inflation
affects both equity valuation and credit risk. However, the sticky leverage assumption does impact
equity valuation: in the cross section, the impact of expected inflation on equity values varies with
firm leverage, because changes in expected inflation affect asset prices through two opposing channels:
discounting and default risk. First, higher expected inflation decreases the value of equity through
sticky cash flows, i.e., nominal cash flow growth does not increase one-for-one with expected inflation,
while the nominal risk-free rate does. This discounting effect is independent of leverage. Second,
default risk decreases when expected inflation goes up, and this relationship strengthens with leverage.
The reduction in default risk partially offsets the decrease in equity valuation, especially for more highly
levered firms. The model thus predicts equity prices of more highly levered firms are less sensitive to
changes in expected inflation than those of less levered firms, because of sticky leverage.

We provide a detailed empirical investigation of the impact of expected inflation on both equity
valuation and default risk. Our empirical analysis has two aims. First, we test the cross-sectional
prediction that financial leverage reduces the sensitivity of equity values to expected inflation. Second,
we verify that the negative and asymmetric relations are robust at the firm level. We use CRSP-
Compustat merged data from April 1972 to December 2019 and exploit two firm-level measures of
equity valuation: the market-to-book (M/B) ratio and the price-dividend ratio.® We compute a firm’s
financial distress risk and its implied physical default probability following Campbell, Hilscher, and
Szilagyi (2008). A portfolio analysis with firms sorted on their financial leverage ratios shows that
default risk and equity valuation decrease with the level of expected inflation, for both low and high-
leverage firms. The reduction in equity valuation is, however, stronger for less-levered firms, which
means that higher default risk reduces, rather than exacerbates, the sensitivity of equity prices to
changes in nominal conditions. The validation of this cross-sectional prediction provides support for

our model.

"To reach this conclusion, we compare the model’s prediction with that of an hypothetical economy with expected
inflation set at its unconditional mean.
8The availability of forecasts for inflation determines the starting point of the sample.



A potential concern is that variations in expected inflation reflect changes in economic or financial
conditions, and that the resulting changes in default risk and equity valuation at the portfolio level are
due to grouping heterogeneous firms. We address these issues by running firm-level regressions with
798,288 firm-quarter observations and a rich set of financial, macroeconomic, and firm-level controls.
We find the negative and asymmetric impact of expected inflation on a firm’s equity valuation and
default risk are highly statistically significant, and the results remain robust to different samples of
firms and subperiods. The results continue to hold when we condition on firms that remain in our
sample throughout the period, which ensures a firm-selection effect does not explain our findings.
Furthermore, consistent with our model’s predictions, the negative relation between expected inflation
and equity values strengthens for firms with lower leverage or with more cash flow stickiness, using
the frequency of price adjustments from Pasten, Schoenle, and Weber (2017). Our empirical analysis
thus provides robust support that U.S. firms display lower equity values, despite lower default risk,
when expected inflation increases and that the sensitivity of a firm’s equity value to expected inflation
is decreasing in leverage and increasing in price stickiness.

Our paper makes several contributions. First, we build a model of multiple firms issuing debt
and equity with the option to default, in which expected inflation impacts firms’ asset prices because
of sticky leverage and sticky cash flows. We explain the negative relation between equity valuation
and expected inflation with sticky cash flows. Our model generates the negative impact of expected
inflation on default risk through sticky leverage, which induces variations in real leverage. Second,
we find that equity prices and default risk are more sensitive to a change in expected inflation when
expected inflation is currently low than when it is high, which suggests a fundamental asymmetry in
the effects of inflation risk. This asymmetry is important in light of the extremely low inflation levels
we have observed during and after the Great Recession. Third, in the cross section, we show equity
prices vary more with expected inflation for firms with less leverage and stickier cash flows. Finally,
we empirically validate all these predictions at the firm level, which provides new evidence regarding

the joint response of equity valuation and default risk to variations in expected inflation.

Existing studies going back to Fama (1981) provide explanations for the negative relation between
equity valuation and expected inflation, based on the idea that inflation is non-neutral because it has
a negative effect on real growth.” Agents demand a positive inflation risk premium, which reduces
equity prices (e.g., Eraker, Shaliastovich, and Wang (2015)). Our model shows that sticky leverage
combined with sticky cash flows is sufficient to generate the relations between expected inflation, equity
valuation, and default risk we observe in the data. We can thus obtain negative relations between

equity valuation and expected inflation without any inflation risk premium.

?Other studies exploring theoretically the interaction between inflation and equity returns include Day (1984), Stulz
(1986), Wachter (2006), Gabaix (2008), Hess and Lee (1999), Chen (2010), Bansal and Shaliastovich (2013), and Gomes
et al. (2016).



We also explore the impact of a non-zero correlation between real and nominal conditions, based
on the evidence of an unconditionally small but strongly time-varying inflation risk premium (Boons
et al., 2020).1 We uncover two new results. First, when the unconditional inflation risk premium
becomes sufficiently large, our model no longer generates the relationship between equity values and
expected inflation shown in Figure 1. Our model in tandem with the data therefore places an upper
bound on the unconditional inflation risk premium. Second, with significant time-variation in the
correlation between shocks to consumption growth and inflation, within our model, equity values
and credit spreads still decrease with expected inflation. Therefore, an unconditionally small, but
time-varying inflation risk premium is consistent with the data.

To further assess the theoretical underpinnings of our model, we confront it with the empirical
data on the term structure of equity yields and credit spreads. Empirically, we find the level of equity
yields is increasing with expected inflation, in particular at the short end of the term structure.!!
Furthermore, we find the slope of the equity yield term-structure is downward sloping when expected
inflation is high and upward sloping when expected inflation is medium or low. Our model is able
to generate both these features of the data, because of cash flow stickiness. We also find the level of
finite-maturity credit spreads is decreasing with expected inflation,'? thus complementing our empirical
findings that financial distress risk and physical default probabilities decrease with expected inflation.
The difference in spreads is particularly high in the medium and long end of the term structure. Our
model-implied finite-maturity credit spreads is able to reproduce this feature of the data, because of
sticky leverage.

This paper contributes to the literature exploring empirically the relation between inflation and
equity returns. Chen, Roll, and Ross (1986) and Ang, Briere, and Signori (2012) find inflation risk is
priced in the cross section of U.S. equity returns, whereas Boons et al. (2020) show the inflation risk
premium varies over time, conditional on the relation between inflation and the real economy. We
provide a complementary approach to understanding the impact of expected inflation on equity values,
which hinges on cash flow stickiness. Whereas Weber (2015) shows how inflation risk impacts equity
returns via a sticky-price channel, we combine the idea of sticky cash flows with sticky leverage. Finally,
Kang and Pflueger (2015), which studies how inflation risk impacts corporate bond prices, is another

closely related paper. Our paper complements this study by jointly studying expected inflation, default

10While Piazzesi and Schneider (2006) shows inflation predicts consumption growth negatively, Boons et al. (2020)
suggest the relation is time-varying. This finding is consistent with the evidence inflation periods do not always reflect
a bad state of the economy. See, for example, Bekaert and Wang (2010), Campbell, Sunderam, and Viceira (2017), and
David and Veronesi (2013).

1We use model-implied data from Giglio, Kelly, and Kozak (2021), which matches the available empirical data from
Bansal, Miller, and Yaron (2017) and Van Binsbergen and Koijen (2017), but goes further back in time and includes the
1970’s high inflation period.

2Following Chordia, Goyal, Nozawa, Subrahmanyam, and Tong (2017), we combine different bond data sets to con-
struct the corporate credit spreads over the period 1974Q3-2019Q4: the Lehman Brothers Fixed Income Database,
TRACE, Mergent FISD/NAIC, and Datastream.



risk, and equity prices in a unified framework. Furthermore, we provide novel empirical evidence and
a theoretical explanation for the asymmetric relation between asset prices and expected inflation.

In Section 2, we present a simple model to clarify the qualitative relationships between equity
valuation, credit risk, and expected inflation, whereas in Section 3, we describe the fully fledged
consumption-based asset-pricing model with inflation risk. In Section 4, we derive asset prices together
with optimal default and capital-structure decisions. We discuss the model’s theoretical predictions
in Section 5. In Section 6, we provide novel empirical evidence for the relationship between expected
inflation, equity values and debt values. We also confront our model with the data. In Section 7 we

conclude.

2 Intuition from a Simple Model

In this section, we consider a simple, static model with exogenous financing and default policies. We
develop intuition for the negative impact of expected inflation on equity valuation and credit risk. We
also discuss why equity prices and credit risk are more sensitive to a decrease in expected inflation than
to an increase in expected inflation, that is, why the relations are asymmetric. The Online Appendix

OA.A provides details on derivations and proofs.

2.1 Economy
To value nominal asset prices, we specify a price index P; that satisfies

dP;
— = updt,
P, Bp
where pp is expected inflation, which is constant.'> We assume the price index is locally risk free.
Therefore, the nominal risk-free rate is equal to the real interest rate r plus expected inflation up, i.e.
=+ up.
Consider a firm with time ¢ nominal cash flow X;. Under the risk-neutral probability measure Q,

the dynamics of X; are given by

dx
= = fixdt + oxdW2,
Xt

where WtQ is a standard Brownian motion under Q. The nominal cash-flow growth volatility ocx equals

real cash-flow growth volatility, oy, as the price index is locally risk free. Expected nominal cash-flow

1311 the simple model of this section, there are no shocks to inflation, so realized inflation and expected inflation are
the same. In the full model of Section 3, we introduce shocks to inflation, and realized inflation and expected inflation
are no longer equal.



growth is the sum of real expected cash-flow growth iy and a multiple ¢ of expected inflation up, that
is, ix = iy +@pp, where ¢ captures the sensitivity of nominal cash-flow growth to expected inflation.
Cash flows are sticky when ¢ < 1. In Section OA.O of the Online Appendix, we provide a model to
show that sticky cash flows can arise endogenously when firms with monopoly power optimally adjust
prices subject to menu costs.

Strong empirical evidence exists supporting the notion of sticky cash flows (see, e.g., Nakamura
and Steinsson (2008) and Gorodnichenko and Weber (2016)), which we confirm by estimating the
parameter ¢ with U.S. data. We regress the consensus forecast for the growth rate of corporate profits
over the next 12 months on the consensus forecast for inflation over the same period, using data from
the Survey of Professional Forecasters. The estimate of ¢ is 0.407 in column (4) of Table 1, which
controls for variations in real macroeconomic conditions. This estimate is significantly lower than 1
(t-stat of 2.48), which indicates that the relation between expected nominal cash flow growth and
expected inflation is less than one-for-one. Hence, cash flows are sticky with respect to changes in

nominal conditions.
Table 1 [about here]

The firm issues equity and a bond. The corporate bond pays out a fixed nominal coupon of ¢
dollars per unit of time until default which occurs at the first passage time 7p = inf;~o{X; < Xp},
for some fixed default threshold Xp. The debt coupon is constant in nominal terms, that is, leverage
is sticky. The firm has no residual value when default occurs and there are no taxes.™
Consider first the case of a bond with no default risk. The nominal price of this bond is given by

$ c

B, =—
fit T+HP7

from which we can immediately obtain the real bond price By; = B?t / P;. Sticky leverage implies that
both the real and nominal prices of a bond without default risk are decreasing in expected inflation,
simply because the real value of the nominal coupon decreases with expected inflation. We report this
relation in Panel A of Figure 2, using three levels of expected inflation: low (up = 1%), moderate
(up = 3%), and high (up = 5%).

Figure 2 [about here]

A corporate bond subject to default risk has a different exposure to expected inflation. The nominal

price of such a bond is equal to

B? = B?,t [1 - ng,t(MP)} )

We relax these assumptions in the full model (Section 3).




where the term 0 < qgt(up) < 1 is the Arrow-Debreu default claim, that is, the date ¢ price of the
security that pays out one dollar at the time of default. An increase in expected inflation improves
firm performance in nominal terms, which decreases the Arrow-Debreu default claim (for any value
of ¢ > 0). This effect originates from the nominal debt coupons that are constant and, thus, not
adjusted with expected inflation.'® This is a direct consequence of the stickiness of leverage, as in
Bhamra et al. (2011), Kang and Pflueger (2015), and Gomes et al. (2016).

A change in expected inflation now has two opposing effects on corporate debt valuation (both

present because of sticky leverage): both the present value of the nominal coupons, B;sii, and the

Arrow-Debreu default claim, q$D’t(,u, p), decreases with expected inflation. The pricing of default risk
dampens the price sensitivity of a risky corporate bond to expected inflation, relative to that of a
risk-free bond (Panel A). The yield of a risky corporate bond (y® = ¢/B}) then moves less than one-
for-one with expected inflation, whereas the nominal risk-free rate (r® = ¢/ B?t) moves one-for-one
with expected inflation (Panel B). The credit spread, which is defined as the nominal yield of the

corporate bond minus the nominal risk-free rate

$_C C

— = (1)
B} Bf;’t

st:y$—r

thus decreases with expected inflation, because of sticky leverage (Panel C).'6:17 Without sticky lever-
age, the corporate bond subject to default risk displays a similar sensitivity to expected inflation as
the risk-free counterpart, thereby turning off the negative exposure of credit risk to expected inflation.

With sticky leverage, the relation between the credit spread and expected inflation is not only
negative but also convex, as expected inflation impacts default risk non-linearly via the Arrow-Debreu
default claim (Panel D).'® Intuitively, an increase in expected inflation decreases default risk more
when default risk is currently high, which is when expected inflation is low.

We turn now to equity valuation. The nominal value of equity is given by the nominal firm value

less the nominal bond value

St$ :V;f$_B;$7

15Without leverage stickiness, the firm would optimally increase the level of the nominal debt coupon to offset the
decrease in default risk when expected inflation increases.

16See page OA-3 of Section OA.A in the Online Appendix for a proof.

1"We can directly interpret the predictions on the credit spread as predictions on default risk, because the bond has
no value in default.

8The Arrow-Debreu default claim satisfies q%yt(pp) = 67“(‘”3)(“sz>, with : = In Xt and xp = In Xp. Note that
z+ — xp is the distance-to-default in logarithms and so a(up) acts as a discount rate, which is increasing in expected
inflation. For a given distance-to-default, the relation between the Arrow-Debreu default claim q$D’t(,u p) and expected
inflation pp is negative and convex, as verified in Appendix OA.A.



with

- Xy — XDQ%t B Xt — XDq%,t

V$
S — fix r—py + (1 —¢up

t

where V;$ is the present value of the firm’s cash flows up until default. Observe that Vt$ is decreasing
with expected inflation when ¢ < 1 (Panel E), and so the equity value, St$ , is also decreasing with
expected inflation when cash flows are sticky (Panel F).

The sticky cash flows assumption implies that expected inflation affects equity valuation through
two distinct channels. First, higher expected inflation increases the nominal cash flow growth rate,
which increases equity valuation. Second, firm cash flows are discounted at a higher nominal risk-free
rate, which decreases equity valuation. The latter effect dominates the former because the nominal
risk-free rate varies one-for-one with expected inflation, whereas the nominal cash flow growth rate
varies less than one-for-one with expected inflation when ¢ < 1. Hence, equity valuation decreases
with expected inflation, and this relation arises from sticky cash flows. A change in the nominal risk-
free rate impacts equity values non-linearly via nominal discounting, which implies that the impact of
changes in expected inflation on equity value is stronger when expected inflation is lower. Hence, the
relation between equity valuation and expected inflation is negative and asymmetric.

To sum up, Figure 2 shows that equity values and credit risk are both negatively related to
expected inflation. Hence, a firm displays lower equity prices and, at the same time, faces lower credit
spreads (or default risk) when expected inflation increases. Furthermore, a change from moderate to
low expected inflation has a greater impact than a change from moderate to high expected inflation,
although we consider symmetric variations in expected inflation. Hence, low expected inflation is not
the mirror image of high expected inflation.

This analysis demonstrates that firms can have lower levered equity valuations and lower default
risk when expected inflation increases. This simple model assumes no arbitrage and does not make
specific assumptions about preferences. The two critical features driving both relations are sticky
cash flows, for which we find strong support in the data, and sticky leverage, which is an empirically
grounded friction in the corporate debt market. Based on these insights, we now consider a dynamic
version of the model with endogenous corporate policies to study how fluctuations in expected inflation

jointly impact equity valuation and credit risk in a richer environment.

3 Model

This section presents a dynamic asset-pricing model with firms facing real and nominal risk. We first

define aggregate consumption and inflation and derive the real and nominal stochastic discount factors,

10



using an Epstein-Zin-Weil representative agent. We then derive the asset values of firms, which issue
nominal debt and equity, and describe their optimal financing and default decisions.
3.1 Aggregate economic variables

We now specify the joint dynamics of aggregate consumption and inflation. Aggregate consumption

at time t is denoted by C} and the time ¢ level of the price index by P;, where

dC,

== pedt + ocydZy,

Cy

dP,

?t = pprdt +oprdZpy,
t

and Z; and Zp; are standard Brownian motions under the physical probability measure [P such that
Ey [dZP,tdZt] = PPCit-

The conditional first and second moments of aggregate consumption growth, pcy, ocy, condi-
tional expected inflation, p1p; together with the volatility op; and the correlation between shocks to
consumption growth and the price index, ppc; are all stochastic.”

We use a six state Markov chain to describe the joint real-nominal state of the economy. The
current state of the Markov chain is denoted by s;, which switches randomly between the six states

described in the table below.

St gt oct MpPt PPCt

Recession & Low Expected Inflation (RL)
Recession & Moderate Expected Inflation (RM)
Recession & High Expected Inflation (RH)
Expansion & Low Expected Inflation (EL)
Expansion & Moderate Expected Inflation (EM)
Expansion & High Expected Inflation (EH)

uCc,R OC,R MPL PPC,RL
HC,R OCR HPM PPC,RM
uc,R O0C,R HKPH PPC,RH
HC,E OCE HPL PPCEL

HCc e O0cE HPM PPCEM

S Ot s W N -

uc,e OCc,E MPH PPCEH

We have uc.r < o, and oc g > oc,p to ensure the mean and volatility of consumption growth are
procyclical and countercyclical, respectively. Also, pupr < ppam < ppm, to be consistent with the
labelling described in the above table.

We allow for correlation between real and nominal states, because expected inflation can change
at the same time as the moments of real consumption growth. The physical probability of the joint

real-nominal state switching from s;_ to s;, where s; # s;_ within a time interval of length dt is

19See, e.g., Boons et al. (2020), who document a small negative unconditional correlation between expected consumption
growth and expected inflation in addition to a time-varying correlation, the latter being the focus of their analysis.
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given by A, 5, dt, where A, , is the physical intensity of switching from state s;— to s;. Since the
Markov chain has N = 6 states, there are N(/N — 1) = 30 such physical intensities \;;, where i # j
and 7,7 € {1,...,6}. In the special case of independent real and nominal regimes, the 6 x 6 intensity
matrix arises from two nested intensity matrices, associated with a 2-regime real Markov chain and
a 3-regime nominal chain. As such, the probability of switching from a nominal regime to another

becomes independent of the current real state.

3.2 Representative agent and stochastic discount factors

The representative agent has the continuous-time analog of Epstein-Zin-Weil preferences.?? The real
stochastic discount factor (SDF) at time ¢, 7, depends on the state of the real economy and is given

by (see Online Appendix OA.B for the derivation)

1—y ¥
_ T to—1 1-1
T = (56 6t> ! P Ct v (pc’tefo pC,udu> ¥ ,

where [ is the rate of time preference, ~ is the coefficient of relative risk aversion (RRA), and v is
the elasticity of intertemporal substitution under certainty (EIS). The date ¢ value of the claim to
aggregate consumption per unit of time is denoted by pcﬁt.Ql This price-consumption ratio depends

on the state of the economy, denoted by s;:
Pet = Po,i,if s¢ = i.
The real stochastic discount factor at date-t, m, evolves as follows

dﬂ't

- = *Tidtifyac,idzt+2(wij - 1)dN75t7 ,Lv.] € {17"'aN}7 ] 7&717 (3)
Tt St—=1,5¢t=] i
where r; is the equilibrium real risk-free interest rate in state i € {1,..., N} and Nslj,,st,t is a com-

pensated Poisson process given by

P
ANy i =dNg_ st — > As_pdt, seyse € {1,...,N},
k:;ést,

20The continuous-time version of the recursive preferences introduced by Epstein and Zin (1989) and Weil (1989) is
known as stochastic differential utility, and is derived in Duffie and Epstein (1992). Schroder and Skiadas (1999) provide
a proof of existence and uniqueness for the finite-horizon case.

21The price-consumption ratios for each real state are derived from a coupled system of nonlinear algebraic equations
given in equation (OA.4) of the Online Appendix.
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where N, 4, is a Poisson process that jumps up by 1 when the state of the economy switches; that
is, Ng,_ s+ = 1 if s; # s;—. The real interest rates are identical to those of Bhamra et al. (2010a) and
Bhamra et al. (2010b), and given in Online Appendix OA.B.

Two distinct types of risk are priced. First, the increment in the standard Brownian motion,
i.e. dZ;, represents small but frequent changes in unexpected consumption growth, and yoc; is the

associated price of risk. Second, the increment in the compensated Poisson process, i.e. dN, £ s>
) b

is
a martingale (under the physical measure P) that represents the risk that the state of the economy

changes, and the associated price of risk is ws, s, — 1. If the state of the economy moves from i to

1
S 1
T
J, that is, if s;— = i and s; = j, then w;; = wj/w; = (pc,j/pPc.i) l_i, where the N — 1 constants,
wi,...,wy—1 are determined by a system of N — 1 nonlinear algebraic equations (see equation (OA.18)

in Section OA.D of the Online Appendix). Observe that if pc; < pc,, then w;; > 1, and so the real
SDF increases because the price-consumption ratio falls — we interpret the change in state from i to j
as a negative shock to the economy.

In general, a change in expected inflation triggers a jump in the real SDF. Changes in nominal
conditions are priced positively (negatively) when a rise in expected inflation is associated with better
(worse) real economic conditions. Our framework also nests the special case, where changes in real
and nominal regimes are independent: transitions between nominal states are then unpriced and the
price of risk w;; — 1 associated with strictly nominal transitions is zero.

The pricing of securities is based on the risk-neutral switching probabilities per unit of time (that

~

is, transition intensities), As,_ s,, which are related to the physical switching probabilities, As,_ s,, via
)\st,,st = wst,,stAst,,sta St— 7é St,

where w,, 5, = 1 if 5, = s4.

Hence, under Epstein-Zin-Weil preferences, ws, 5, acts as a distortion factor, distorting physical
transition intensities. The representative agent cares about future consumption growth and prefers
early resolution of intertemporal risk (y > 1/1), and so ws, s, > 1, when s; is a worse state than s;_,
which implies the risk-neutral probability per unit of time of the economy worsening is higher than
the physical probability.

Financial securities have nominal prices, which requires us to consider a nominal stochastic discount

factor for asset pricing. The date-t nominal SDF, denoted by Wf, is defined as

$ Uy’
Ty = —

t bl
P,

13



whose dynamics satisfy

d $
% = —rddt — yoc,idZs + Z(wij - l)dNiJP-:t.
Ty St—=1,5t=] JFi

and 7“;»3 is the nominal interest rate in state i, given by

1 =1+ ppi — YPPCTPOC — Oy

The nominal interest rate depends on both real and nominal states and can thus takes six different
values; it changes when the conditional moments of consumption growth change and also when ex-
pected inflation changes. The nominal risk-free rate is lowest during the recession/low-inflation state

and highest during the expansion/high-inflation state.

3.3 Firm cash flows

The date-t level of the real cash flow of an individual firm is denoted by Y; and evolves under the
physical probability measure P according to the process
d;:t = pydt + oy, dWy.

Real cash flows have a conditional expected growth rate p1y; and a conditional volatility oy;. Both
moments are identical across firms. Increments in the standard Brownian motion W (under P) rep-
resent frequent but small shocks to the firm’s cash flow growth. We assume cash flow shocks are
independent across firms and from shocks to consumption growth.?? Consequently, systematic risk in
real cash flows is exclusively originating from low-frequency but severe changes in economic conditions.
The expected growth rate is higher in expansions than in recessions, whereas the conditional volatility
is lower in expansions than in recessions.

Because firms issue nominal securities and pay nominal taxes, investors care about the dynamics

of nominal cash flows. The firm’s nominal date ¢ cash flow level is then given by X;, where

XtE}/tPth, (4)

22We ignore a non-zero correlation between real cash flows and consumption, because the asset-pricing and corporate
financing implications are negligible. See, for example, Bhamra et al. (2010a, 2010b).
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which thus satisfies

X,

<, =M + o (ppt + ppytoyiop) dt + oy dWy + popdZp;.
t

If we assume that shocks to real cash flow growth and inflation are uncorrelated, i.e. ppy; = 0, then

the above expression reduces to

dX,
Tt = pxdt + oy dWy + popdZpy,
t

where
KXt = Myt + PUPpt

and the volatility of nominal cash flow growth is given by

_ [ 2 2
Xt = UY,t+‘P2‘7P,t-

The sticky cash flow parameter, o, captures the extent to which changes in inflation expectations
affect the firm’s cash flow growth rate.
Overall, firms exhibit heterogeneity in their cash flows due to firm-specific shocks but, at the same

time, all firms have identical conditional moments for the cash flow growth rate.

4 Asset Prices and Corporate Financing Decisions

In this section, we derive asset prices together with optimal default and capital-structure decisions.

4.1 Nominal debt and leverage stickiness

Firms pay taxes on nominal cash flows X; and issue debt to shield profits from taxes. Each firm has
a debt contract that is characterized by a constant and perpetual nominal debt coupon c. Leverage
is sticky because the coupon is fixed in nominal terms. Hence, when the nominal state changes, the
real coupon changes, which affects asset valuations. Consequently, sticky leverage acts as a nominal
rigidity. In other words, firms cannot adjust the nominal quantity of debt to news about the inflation

state.

4.2 Liquidation value

A firm is liquidated when its nominal cash flows reach a state-dependent boundary Xp ;, which

equityholders select to maximize equity value.
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The nominal asset value at the time of liquidation, denoted by Ait in state i € {1,...,N},

corresponds to the present value of the after-tax nominal unlevered cash flows:

1
A?,t - (1 - 77)Xt )
TA,i

where 7 is the corporate tax rate and %l_ is defined by

1 0o 18 x
=F / UV ul s =1 .
TAyi ! [ t 7r,;$ Xi !
The value of 4 ; = Ug}i is given by the reciprocal of the i’th element of the vector V4 = [va 1, ..., vAJV]T
where
Va=(Ra— N1y (5)

1nyx1 isa N x 1 vector of ones, R4 is the following N x N diagonal matrix
_3; $ $
Ry = diag(r] — px1,-- TN — HX.N),

and A is the N x N risk-neutral generator matrix of the Markov chain characterizing the real and

nominal states of the economy, defined by

~

[K]Z] :)‘2]7 Za] S {177N}7]7£27

Ali=-> Nj i€ {l,...,N}.
J#i

We can interpret 74, as the discount rate for a perpetuity with stochastic expected growth rate

fx,¢, which is currently equal to px ;. If the economy stays in state ¢ forever, the discount rate reduces
$

to the standard expression 74; = r; — jx,;. In general, however, the economy can change state, and
so the discount rate depends on the risk-neutral generator matrix of the Markov chain governing the
economy’s transitions. The presence of the risk-neutral generator matrix as opposed to the physical

generator matrix incorporates the pricing of risk.

4.3 Arrow-Debreu default claims

Default risk is central to firm valuation. We now express the value of a firm’s assets as a function of a
set of Arrow-Debreu default claims. We define an Arrow-Debreu default claim as an asset that pays

out $1 if default occurs in state j and the current state is .. We denote the nominal price of such a
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security by qgi it which satisfies (see Online Appendix OA.H)

$ >
— ™D
t

.= ] | (6)

where 7p is the time at which default occurs and I{STD —;} is an the indicator function that equals 1,
if default occurs in state j, and zero otherwise.

When valuing assets that depend on the level of cash flows at the time of default, X;,, we have
to consider additional Arrow-Debreu securities, because our economy features “deep defaults.” These
defaults can occur when the state of the economy jumps from its current state to a worse state. Default
boundaries are countercyclical and can suddenly move upward when the economy deteriorates. In such
a situation, a fraction of firms may immediately default upon a change in state. Consider a firm that
has a nominal cash flow level of $10 while the default boundary is $8. If the economy suddenly
deteriorates by moving into a new state where the default boundary is $11, the firm will immediately
default. In fact, all firms with a nominal cash flow level below $11 would default, thereby creating a
default cluster. More formally, we can consider a firm with a nominal cash flow level X, _, at time
Tp—, which is the time just before default, where X, _ is below the new state’s default boundary,
Xp,j. This firm will default as soon as the economy enters the new state, and so X;,_ = X;, < Xp;
(X7,— = X, because X is a continuous process). Hence, it is not necessarily the case that at default,
a firm’s cash flow level is at the default boundary. Consequently, to value securities that depend on a
firm’s cash flows, we need a modified set of Arrow-Debreu default claims. We derive them in Online
Appendix OA.L

This second type of Arrow-Debreu default claims pay out ))((;D]_ at default if default occurs in state

j and the current state is ¢. The date-t nominal price of this security is denoted by qjgi j+» where

St—i].

Overall, N? = 36 Arrow-Debreu default prices exist for each type, because N = 6 states characterize

3 X
~$ Trp 1p
Dyijt [ 7_‘_;5 XD,j {s D J}

the aggregate economy.

4.4 Corporate bond value

A firm that issues debt promises to pay the nominal coupon ¢ per unit time. If the firm defaults,
debtholders recover a fraction of the after-tax unlevered asset value of the firm, whereas the remaining
fraction is lost due to liquidation costs. We denote the state-dependent recovery rate by «; if default

occurs in state j. Hence, the time ¢ nominal value of corporate debt, conditional on the current state
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being i, is given by

$ $
—oz A
m BE

+ Ey (X7p)du

™ 7T$
B}, = cE; / —du
' t TI't

The above expression is simply the present value of future coupon flows up until some random default
time, 7p, plus the present value of the unlevered firm assets net of liquidation costs. We can rewrite

the above expression as

3
Bi,t =c ZqD 17, $ + Zaj XDJ qD ,213,t0 (7)
Pz j=1 P,j

where r?;i is the nominal discount rate for a perpetuity paying a flow of $1, conditional on the current

1 0o 3
T:Et [/ W“du|st—z].
TPy tom

To gain intuition for corporate bond price (7), note that ¢ $ is the present value in nominal terms of
P i

state being i. Observe that

a default-free bond paying a coupon flow of ¢ dollars in perpetuity. The expression CZ;V:l q% 1 jr%

Pj

is the present value of coupons lost because of the possibility of default, and Z 1 aJAﬁ(X D’j)cj}% it
is the present value of the assets recovered.

The nominal discount rate for a constant nominal perpetuity, r%i, is given by r%i = v;i, where

vp,; is the i-th element of the vector Vg = [vp 1, ...,vB6)
Ve =(R* - N1
B = ( )" Inxi,

$

and R® represents the N x N diagonal matrix such that Rfi =r;. 3

Therefore, %, accounts for the
possibility that the nominal risk-free rate takes different future values as macroeconomic fundamentals

and expected inflation fluctuate over time.

4.5 Equity value

Shareholders are entitled to the firm’s cash flows net of taxes and debt servicing as long as the firm
does not default. When the firm is in default, which occurs at some random time 7p, shareholders

recover nothing and lose their rights to any future cash flows. The nominal value of equity at date t,
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conditional on the current state ¢, is then given by

S —a—ng| [
it ( "7) t s

= A$(Xt) (

(Xy —c)du

=N

St:i]

$ (&

T Z ( XDJ QD Jidit - (1= n)QD,ij,t$> . (8)
Tpi =1 TP

The first two terms of (8) represent the present value of cash flows net of coupon payments in the

absence of default, whereas the summation term captures the present value of the net cash flows that

shareholders lose in the case of default.

The equity risk premium in state-i is given by

$ 3 it Skt X, 05}, 2
Hr; —T; = ;(1 - wij)TAij + 90@ X, ('YPPCJ‘UPJ‘O'CJ; + O'P’i) ,
i,je{l,...,N}. (9)

Changes in nominal conditions affect the equity risk premium through two distinct channels: i) the
correlation between real and nominal regimes generates a risk premium shown in the first component
of (9) via a jump in the SDF; ii) the correlation between shocks to consumption and inflation, ppc ;,
generates an additional risk premium (second component of (9)). The portion of the equity risk

premium induced by the pricing of random changes in nominal conditions is the inflation risk premium.

4.6 Default and capital structure decisions

Shareholders maximize the value of their default option by choosing when to default. The state-
contingent endogenous default boundary Xp ;, depends on the current real and nominal states of the
economy, that is, s; € {1,..., N}. Expected inflation matters for default decisions because a change in
the nominal cash flow growth is not offset by a change in the nominal coupon rate; that is, leverage is
sticky. Hence, equityholders are entitled to smaller expected future cash flows when expected inflation
is low than when expected inflation is high.

The default boundaries satisfy the following N = 6 standard smooth-pasting conditions

955, (X)

% =0, s €{l,...N} (10)

X=Xp,,

Shareholders also choose the optimal nominal coupon to maximize firm value at time 0 by balancing

marginal tax benefits from debt against marginal expected distress costs. Two features are noteworthy.
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First, as is standard in the capital-structure literature (Leland, 1994), by maximizing firm value,
shareholders internalize debtholders’ value at time 0. However, in choosing default times, they ignore
the considerations of debtholders. This feature creates the usual conflict of interest between equity-
and debtholders. Second, the optimal coupon depends on the state of the economy at date 0. We
denote the time 0 coupon by c,,, where, to emphasize this dependence, s¢ is the date 0 state of the
economy. Shareholders choose the coupon to maximize date-0 firm value F| 5070 = Bfo,o + Sfo,o

Csy = Argmax F8$0 o). (11)
C k)

We obtain the optimal default and capital-structure decisions numerically by maximizing equation
(11) subject to the conditions in equation (10). As a result, the optimal default boundaries depend
on the debt policy, which the initial financing state determines. Hence, if the economy is in state ,
the default boundary for nominal cash flows is given by Xp ;(cs,), where ¢ denotes the dependence on

the current state and c,, the dependence on the optimal coupon chosen in the initial state.

5 Theoretical Predictions

This section discusses how changes in expected inflation affect corporate asset prices and default risk.

5.1 Calibration

We calibrate the model to the U.S. economy over the period 1970Q2-2019Q4. The real states (R & E)
are characterized by the conditional moments of quarterly real per capita consumption expenditures
and real earnings growth. For the nominal regimes (L, M, & H), we use the quarterly mean of the one-
year-ahead inflation forecasts from the Survey of Professional Forecasters, as reported by the Federal
Reserve Bank of Philadelphia. We set the unconditional probabilities of being in the low (L) or high
(H) expected-inflation regimes to be 25%. The sensitivity of nominal cash-flow growth to expected
inflation is set to ¢ = 0.407, using the empirical estimate reported in Table 1.

In the core of our analysis, we intentionally consider a restricted version of the model in which
inflation risk is absent from the stochastic discount factor, such that the inflation risk premium does
not drive any of our predictions. In this benchmark case, no inflation risk premium exists, because
(i) expected consumption growth and expected inflation change independently (due to the way the
Markov chain governing the state of the economy s; is specified) and (ii) shocks to consumption growth
and expected inflation are uncorrelated. We thus analyze how higher expected inflation can negatively
affect equity prices although inflation risk remains unpriced. We relax the assumption of uncorrelated
real and nominal conditions in Section 5.7. Appendix A provides additional details on the calibration,

while Table 2 summarizes the parameter values.
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Table 2 [about here]

Table 3 reports the firm-level predictions in the case of independent real and nominal regimes and
zero correlation between shocks to consumption growth and inflation. Unconditionally, the firm-level
risk premium is 4.57%, while the credit spread is 154 bps with a leverage ratio of 37.8%. These model-
implied moments are consistent with their empirical counterparts for an average Baa firm, which
displays an average leverage ratio of 43.28% and a bond spread of 158 bps (Huang and Huang, 2012).
Similarly, Kang and Pflueger (2015) report a leverage ratio of 41% and a credit spread of 153 bps.

Table 3 [about here]

5.2 Expected inflation, equity valuation, and default risk

Equity valuation decreases with the level of expected inflation (see solid-blue line in Panel A of Figure
3). Two opposing effects of an increase in expected inflation on equity valuation exist: a discounting
channel, which reduces equity values via an increase in the nominal risk-free rate; and a cash flow
channel, which increases equity values via an increase in nominal cash flow growth. The discounting
channel dominates the cash flow channel, because of the sticky cash flow assumption. The reason is
that the nominal risk-free rate changes one-for-one with expected inflation (rf =ri+upt— O‘%’t, when
ppc,t = 0), whereas the expected nominal cash flow growth rate changes less than one-for-one with

expected inflation (px+ = py+ + @upe) when cash flows are sticky (¢ < 1).
Figure 3 [about here]

We now explain why the sticky leverage assumption implies that an increase in expected inflation
reduces credit spreads (see solid-blue line in Panel B of Figure 3). A rise in expected inflation decreases
the real value of debt coupons, because coupons are set in nominal terms, i.e. leverage is sticky. The
fall in real coupon value creates a reduction in default risk and, thus, in credit spreads. Stickiness in
leverage is the central driver of the negative relation between expected inflation and credit spreads,
following the work of Bhamra et al. (2011), Kang and Pflueger (2015), and Gomes et al. (2016).23

Importantly, when it comes to equity valuations the default risk channel is not strong enough to
fully counteract the discounting channel: equity valuations will still fall as expected inflation rises.
Naturally, this effect will be muted for higher leverage firms, leading to the cross-sectional implications
described in Section 5.6.

We find that the equity risk premium remains similar across nominal states and, as a result, is

not driving our main finding regarding the negative relation between expected inflation and equity

23Shareholders’ option value of defaulting, as captured by the level of the optimal default boundaries, also varies with
expected inflation. An increase in expected inflation translates into a higher default boundary, but this effect on default
risk remains modest.
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valuation. The lack of correlation between real and nominal conditions means that the way leverage
changes with respect to nominal conditions drives any link between changes in nominal conditions and
the equity risk premium. Corporate bond prices actually fall with expected inflation (see solid-blue
line in Panel C) together with equity values, so leverage is stable across nominal states (see solid-blue
line in Panel D). The equity risk premium therefore does not vary materially with expected inflation
(see Panel B of Table 3) in the baseline calibration. We investigate the effect of a non-zero correlation

in Section 5.7.

5.3 Varying cash flow stickiness

The degree of cash flow stickiness shapes the relations between equity valuation and expected inflation,
and between credit risk and expected inflation. We find that the negative relation between expected
inflation and equity values strengthens for firms with more cash flow stickiness (see Panel A of Figure
3). As a counterfactual, turning off cash flow stickiness completely in the model (¢ = 1) inverts
the relation between equity prices and expected inflation: equity prices rise with expected inflation,
at odds with our motivating empirical evidence (Figure 1). The intuition is straightforward: the
discount rate is canceled out by the cash flow effect, and so, the only way expected inflation affects
equity valuation is through the default risk channel. Without cash flow stickiness, higher expected
inflation lowers default risk, which then increases equity values and reduces the equity risk premium
(see Panel A of Table 4).

Table 4 [about here]

In contrast with equity valuation, the negative relation between credit spreads and expected in-
flation weakens for firms with more cash flow stickiness. This illustrates the tension inherent in using
sticky cash flows to generate a joint decrease in equity valuation and default risk when expected in-
flation increases. Our model shows that, with reasonable degrees of cash flow and leverage stickiness,
equity valuation and default risk jointly decrease with expected inflation. Thus far, these relations

have only been studied separately in the existing literature.

5.4 Low versus high expected inflation: Asymmetry

Our model uncovers another new prediction: the relation between equity valuation and expected
inflation is asymmetric, as illustrated by Figure 3, which implies that higher expected inflation is
not the mirror image of lower expected inflation. Specifically, equity valuation increases by 16.1%
(from 13.94 to 16.18) when the economy switches from moderate to low expected inflation, whereas it

decreases by only 5.1% (from 13.94 to 13.23) when expected inflation switches from moderate to high
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expected inflation, as reported in Table 3.24 The impact of a decrease in expected inflation on equity
prices is therefore stronger than the impact of an increase in expected inflation, although both states
are equally likely.

The reason underlying this result is the convexity of equity values with respect to expected in-
flation, which exists because of sticky cash flows. Importantly, a change in expected inflation has
stronger effects on equity valuation when the denominator in the traditional Gordon growth formula
is small, that is, when either expected inflation or the real risk-free rate, or both, are small. This
prediction arises although default probabilities are convex in the distance-to-default, which implies
that an increase in default risk depresses the value of equity more than a decrease in default risk of
the same size. We find this latter effect is not sufficient to offset the asymmetry arising from nominal
discounting.

Two direct implications of this asymmetry exists. First, when moving out of a low inflation
environment, the initial increase in expected inflation has a more negative impact on asset prices than
subsequent increases. Second, the presence of inflation risk increases unconditional asset valuation.
Given the convex relation between equity value and expected inflation, the average equity value across
the low and high expected inflation states is higher than the equity value during an average expected
inflation state. Following the same reasoning, inflation risk increases debt and firm valuation, on
average.

To quantify the role of inflation risk, we compare the results of the full model (Table 3) with the
case in which we switch off variations in the nominal state (Table 5). In this latter specification, the
expected inflation rate is set at its unconditional mean, which corresponds to the “moderate inflation”
regime. Table 6 indicates that inflation risk increases asset valuations, on average, adding up to 0.47%
of equity value and 1.2% of total firm value. This prediction translates, using a simple back-of-the-
envelope calculation, into an increase in aggregate firm valuation of approximately US$1.13 trillion,
given a total market capitalization of public U.S. companies of US$37.7 trillion (as of December
2019) and a leverage ratio of 40%. The existence of inflation fluctuations therefore has economically

important asset pricing implications for investors.

Tables 5 and 6 [about here]

5.5 Representative firm vs. aggregation of firms

The results discussed so far are for a single firm with optimal capital structure. In the real world,
firms’ leverage ratios frequently deviate from their optimal levels. These deviations are not symmetric

and do not cancel each other in the cross-section. We now verify that our predictions continue to

24We consider a firm being in the expansion state, but the message is qualitatively similar when considering the
recession state.
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hold for a distribution of firms. For this exercise, we consider an economy of 1000 firms, with optimal
policies reported in Table 3. We specify a cross-section of firms that differ in their distance-to-default,
such that the distribution of leverage ratios is structurally similar to that in the data.

Figure 4 shows that the impact of expected inflation on equity valuation and credit spreads does
not depend on whether we consider an individual firm or an economy of firms. The results are moreover
similar if we aggregate firms using an equally-weighted (Panels A and B) or a value-weighted (Panels
C and D) approach, which indicates that small, risky firms are not driving the relations. The joint
relations between equity valuations, default risk, and expected inflation are thus robust, as these

relations do not vanish when aggregating a large cross-section of firms.

Figure 4 [about here]

5.6 Cross-sectional predictions

Leverage plays a central role in the model, so we can expect equity valuations and credit spreads of low
and high-leverage firms to be differentially exposed to variations in expected inflation. In our analysis,
firms with higher leverage are those with lower cash flow levels (and thus lower distance-to-default)
than firms with lower leverage.

Insightful cross-sectional predictions arise because changes in expected inflation affect asset prices
through two opposing channels: discounting and default risk. First, higher expected inflation de-
creases the value of equity through sticky cash flows, i.e., nominal cash flow growth does not vary
one-for-one with expected inflation, while the nominal risk-free rate does. This discounting effect is
independent of leverage. Second, default risk decreases when expected inflation goes up, and this
relationship strengthens with leverage. The reduction in default risk partially offsets the decrease in
equity valuation, especially for more highly levered firms. The model thus predicts that equity prices
of firms with higher leverage are less sensitive to changes in expected inflation than firms with lower
leverage.

We illustrate the impact of leverage on the sensitivity of equity values with respect to changes
in expected inflation in Table 7. We report equity prices by nominal conditions for firms with low
versus high financial leverage, with ratios of 35% and 55%, respectively. An increase in expected
inflation (from L to H) generates a greater fall in equity valuation (3.86 vs 1.78) for less-levered firms
than for more-levered firms. Hence, higher leverage reduces-rather than exacerbates—the sensitivity
of equity valuation to changes in nominal conditions. Consistent with this mechanism, Table 7 shows
that credit risk is more sensitive to expected inflation for firms with higher leverage: an increase in
expected inflation (from L to H) generates a stronger fall in credit spreads (24.44 vs. 15.60 bps) for

more-levered firms than for less-levered firms.

Table 7 [about here]
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5.7 The inflation risk premium

We now relax the assumption of independent real-nominal conditions, based on findings in Boons et al.
(2020), who document an unconditionally small but strongly time-varying inflation risk premium.
First, we consider a time-varying correlation between shocks to consumption growth and shocks to
inflation, denoted by ppct (shock correlation). Second, we allow for a non-zero correlation between
expected consumption growth, pic ¢, and expected inflation, pp; (regime correlation), by allowing both
to switch at the same time.

We uncover two new results. First, accounting for significant time-variation in the consumption-
inflation correlation has no impact on our main model predictions: equity values and credit spreads
still decrease with respect to expected inflation. Second, a large unconditional inflation risk premium
does not generate the relationship between equity values and expected inflation we document in Figure
1, suggesting that the unconditional inflation risk premium cannot be too large.

Table 4 reports the results regarding the equity risk premium, which we discuss in detail within
Appendix B. Panel B presents the predictions when we introduce a time-varying shock correlation,
ppc,t- Panel C considers different levels of the unconditional inflation risk premium (IRP), arising for
different calibrations of the regime correlation. We summarize the main findings below.

With a shock correlation, equity values and credit spreads continue to decrease when expected
inflation increases (see Figure B.1 in the Appendix), as was the case for zero correlation (see Figure
3). However, the equity risk premium now decreases with expected inflation, because the shock cor-
relation decreases with expected inflation: the correlation between consumption and inflation shocks
is 51.6% when expected inflation is low, -3.7% when expected inflation is moderate, and -24.2% when
expected inflation is high.?®> A negative consumption-inflation correlation in times of higher expected
inflation implies nominal cash flows become less correlated with consumption, thereby reducing the
equity risk premium. The covariance between shocks to consumption growth and inflation is, however,
small, because consumption growth and inflation are not very volatile, and so the inflation risk pre-
mium remains modest. Introducing a correlation between shocks to consumption growth and inflation
therefore does not change our model’s predictions.

When we allow for regime correlation, the equity risk premium is higher in the low inflation regime
than in the high inflation regime. In addition, the relationship between equity valuation and expected
inflation is no longer convex and loses its monotonicity for an unconditional inflation risk premium of
0.5% or more (see Figure B.2 in the Appendix). This result implies that (i) there is an upper bound
on the unconditional inflation risk premium of around 0.25% per annum, and (ii) any significant

inflation risk premium beyond this magnitude must be time varying. This finding is consistent with

250ur calibrated consumption-inflation correlation is unconditionally small, although highly time varying, consistent
with the findings of Bilal (2017), Boons et al. (2020) and Campbell et al. (2020), among others.
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the empirical evidence suggesting that, over the last 50 years, the inflation risk premium has switched
sign and is unconditionally close to zero (Boons et al., 2020).

In sum, our analysis suggests the inflation risk premium can be time varying, but cannot be too
high unconditionally. These findings provide further support for our baseline model. In addition, we
find that the equity risk premium is highest when expected inflation is low in both of these alternative
cases. Hence, introducing an inflation risk premium cannot rationalize the finding that equity valuation

decreases with expected inflation, as suggested by Figure 1.

5.8 Equity and credit spread term structures

We now explore the model’s implications for the term structures of equity yields and credit spreads.26
We construct the term structure of earnings yields, where payoffs are impacted by default risk. The
time-t nominal value of the unlevered equity strip paying off X7 at time T', conditional on being in

state ¢ is denoted by S?T_t. Therefore, we have

$
T
SgT—t =1 -nk [WgXTI{TDZT}]
t

=(1- U)Xte_yiT‘t(T_t)a

where Iy, >} is an indicator function that equals one if the firm does not default before time 7', and

zero otherwise. The implied earnings yield, denoted by y;-sint with time horizon T — ¢, is then equal

to

s
1 Ey ijTI{TD >T}

$
yi,T—t = _T —t In Xt

(12)

To the best of our knowledge, no closed-form solutions can be obtained for the finite-maturity expecta-
tions in (12). We thus rely on Monte Carlo simulations to compute these expectations (see Appendix
C).

We now describe the model-implied term structure of earnings yields. Figure 5 shows the term
structure of earnings yields conditional on real (Panel A) and nominal (Panel B) states. In the baseline
calibration with sticky cash flows, we uncover three predictions: First, the term structure is upward
sloping in expansions and downward sloping in recessions, as documented in Bansal, Miller, Song, and
Yaron (2021) and Giglio et al. (2021). Second, earnings yields increase with expected inflation, and
the effect is strongest for short maturities. Third, except in the very short run, we obtain a downward

sloping term structure in the high inflation state (H) and an upward sloping term structure in the

26We use the terms equity yields and earnings yields interchangeably.
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lower inflation states (M and L). These results imply a convergence in earnings yields across nominal
states as the horizon increases. In a counterfactual exercise, we compare the above results with the
case of zero cash flow stickiness (¢ = 1) in Figure 6. In the model without cash flow stickiness, we
observe much less variation in the conditional term structure of earnings yields with respect to expected
inflation and the ordering of states changes. Indeed, when expected inflation goes up, earnings yields

become (modestly) lower.
Figures 5 and 6 [about here]

We then explore predictions on the term structure of corporate credit spreads in Panels C and D
of Figure 5. We focus on the credit spreads of finite-maturity consol bonds, which we derive in Online
Appendix OA.L. We find credit spreads are higher in recessions and in the low inflation state for
any maturity. The credit spreads display a hump shape, that is, an upward-sloping term structure in
the short term but downward-sloping term structure for longer horizons. Furthermore, the difference
between credit spreads in high vs. low expected inflation states is stable over time due to sticky
leverage.?” In the model, firms do not adjust their capital structure as nominal conditions vary, which
increases their default risk in times of lower expected inflation. This finding is consistent with the
empirical evidence that firms tend to adjust their capital structure conservatively (Graham, 2000),

which suggests that sticky leverage is a reasonable friction in our model.

5.9 Summary of theoretical predictions

We show that a rational model can explain why shareholders value stocks less favorably when default
risk decreases, that is, in times of higher expected inflation. The asset-pricing implications of expected
inflation do not vanish when shareholders optimally adjust the firm’s capital structure and the timing
of default to the presence of inflation risk. In addition, we find these relations hold in the case
of endogenous corporate policies, both for a representative firm and a cross-section of firms, over
different horizons, and when accounting for macroeconomic risk or the correlation between real and
nominal conditions.

Our theory highlights the minimum set of frictions that are necessary to explain the seemingly
conflicting relations between default risk, equity valuation, and expected inflation in an asset pricing
model with optimal corporate financing decisions. The key channel for the relation between default risk
and expected inflation is the presence of sticky leverage, whereas sticky cash flows drive the negative

relation between equity valuation and expected inflation.?® Therefore, we find that both sticky cash

2"The patterns of the credit spread term structure are similar with (Figure 5) and without (Figure 6) cash-flow
stickiness, given that the primary channel behind the relation between credit spreads and expected inflation is not
cash-flow stickiness but sticky leverage.

28 Alternatively, investors may discount real cash flows with nominal discount rates, which induces real equity valuations
to decrease with expected inflation. In this paper, we assume that the agent is fully rational and thus does not suffer from
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flows and sticky leverage, which are plausible channels, help us understand how expected inflation

jointly affects equity valuation and default risk.

6 Empirical Analysis

This section has four aims. First, we provide robust evidence for the empirical relations that arise
in our theoretical model: equity valuation and default risk jointly decrease with expected inflation.
Second, we verify that these relations are asymmetric. Third, we test our theoretical cross-sectional
predictions that the relation between equity valuation and expected inflation is stronger for firms with
less leverage and with more sticky cash flows. Fourth, we show that the term structures of equity

yields and credit spreads are consistent with our model’s predictions.

6.1 Data

Our empirical analysis is based on the following data. Expected inflation is the year-on-year expected
GDP-deflator inflation from the Federal Reserve Bank of Philadelphia’s Survey of Professional Fore-
casters. We consider two measures of equity valuation: the firm’s market-to-book (M/B) equity ratio
and the price-dividend ratio. Default risk is measured by a firm’s financial-distress risk, following
Campbell, Hilscher, and Szilagyi (2008), which corresponds to the logarithm of the marginal proba-
bility of bankruptcy or failure over the next quarter. Appendix D provides details on the computation
of these measures. Accounting variables are from Compustat Fundamental Quarterly data, whereas
stock price variables are from CRSP. The dataset spans from April 1972 to December 2019. Table 8

displays the summary statistics.

Table 8 [about here]

6.2 Relations between equity valuation, default risk, and expected inflation

We first compute the average price-dividend ratios, market-to-book ratios, and default risk for each
of the six states in the model. Table 9 reports the results. Expansions (E) and recessions (R) are
determined by the median real GDP growth. Low (L) and high (H) expected inflation states are
determined by the bottom and top quartile of expected inflation; the moderate (M) state spans the
interquartile range. The results show that both price-dividend ratios and market-book ratios decrease
as expected inflation goes up, while distress risk and implied default probabilities fall. Also, price-

dividend ratios and market-book ratios are lower in economic downturns, while distress risk and default

any type of money illusion. Accounting for this behavioral channel would merely reinforce the quantitative predictions
of this paper.
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probabilities are higher. Equity valuation thus decrease with expected inflation even though default

risk falls, in line with the model predictions.
Table 9 [about here]

We then analyze the relation between equity valuations and default risk with expected inflation.
Figure 7 displays the results for the price-dividend ratio (top panels), the market-to-book ratio (mid-
dle panels), and the implied bankruptcy probabilities (bottom panels). The panels plot the (value-
weighted) averages of the firm characteristics against the level of expected inflation observed in the
corresponding quarter. We disentangle the relations by level of financial leverage, which we define as
long-term debt and debt in current liabilities over the sum of the numerator and stockholders’ equity.
The left panels report portfolios of firms with below-median leverage, whereas the right panels report

firms with above-median leverage. Each panel uses a quadratic regression to fit the data.
Figure 7 [about here]

This graphical analysis suggests the price-dividend ratio, the market-to-book ratio, and the bankruptcy
probability are all negatively related to the level of expected inflation. Importantly, each portfolio con-
tains the same set of firms, thereby indicating a decrease in expected inflation simultaneously increases
both a firm’s equity valuation and its default risk. Furthermore, as our model predicts, the relations
based on equity valuation appear to be stronger for low-leverage firms, whereas the relation based on

default risk appears to be stronger for high-leverage firms.

6.3 Portfolio sorts

As a formal test of these cross-sectional relations, we now exploit portfolio double sorts. We first
sort all firms into two portfolios based on their financial leverage. We then create three equal-sized
portfolios depending on the level of expected inflation.

Table 10 reports the results. Panel A shows for conditional double sorts that both equity valua-
tion and default risk decrease in expected inflation. The high expected inflation-minus-low expected
inflation estimates are all negative and statistically significant within each leverage sort. In terms of
magnitude, firms with low (high) leverage display an average price-dividend ratio of 97.1 (58.9) when
expected inflation is low and 46.2 (24.8) when expected inflation is high. The market-to-book ratios
are 3.78 (2.08) and 1.87 (0.95), respectively. These differences are economically large. Furthermore,
the double differences by leverage ratios (that is, the difference between estimates of the high expected
inflation minus low expected inflation estimates across high- and low-leverage firms) are also highly

statistically significant.?? These tests show that the relation between equity valuation and expected

2We bootstrap the double difference to calculate standard errors.
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inflation is negative and stronger for firms with lower levels of financial leverage, consistent with our
theory.

The conditional double sorts also indicate that the negative relation between distress risk and
expected inflation is weakly stronger for high-leverage firms than for low-leverage firms. Both the sign
and the (low) magnitude of this difference are consistent with the cross-sectional prediction of our

model. Panel B of Table 10 confirms these results when we perform unconditional double sorts.

Table 10 [about here]

6.4 Firm-level regressions

We now show that the negative relations are robust features of the data and, in particular, hold at the
individual firm level. To this end, we examine how valuation ratios and default risk at the firm level
vary with expected inflation, while keeping constant other firm characteristics and aggregate economic
conditions.

Our main regression specification is as follows:
/ !
Eiji = 0pupy+ Xi 100, + Yidoy + 75 + €,

where Fj ;; denotes the equity valuation for firm ¢ in industry j at quarter ¢, measured as the price-
dividend ratio or the market-to-book ratio. In the analysis of default risk, F; ; ; captures firm ¢’s default
probability computed in quarter ¢. Keeping the same notation as in the model, pp; reflects expected
inflation in quarter t. We denote by X; ;; and Y; the vectors of firm and global characteristics that we
use as control variables. We include industry fixed effects (v;) to control for time-invariant differences
across industry groups and cluster standard errors ¢; j; at the quarter level to allow for correlations
in error terms of unknown form across firms in a given quarter.

Equity valuations and default probabilities vary with firm characteristics; therefore, accounting
for such drivers is critical. Following Fama and French (2015), we consider the level of investment,
profitability, and firm size as firm-level controls (see Appendix D for details of the variable definitions).
We also include the year-on-year growth rate of U.S. industrial production, a recession indicator based
on the NBER business-cycle dates, the trailing one-year return of the S&P 500 index, and the slope
of the yield curve measured by the yield spread between the 10-year Treasury note and the three-
month Treasury bill, because these factors predict U.S. defaults.?® We also control for the recent

period of unconventional monetary policies by including a dummy variable that is equal to 1 over the

30Gee, for example, Das, Duffie, Kapadia, and Saita (2007), Duffie, Saita, and Wang (2007), Campbell et al. (2008),
Duffie, Eckner, Horel, and Saita (2009), Giesecke, Longstaff, Schaefer, and Strebulaev (2011), and Azizpour, Giesecke,
and Schwenkler (2018).
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2008Q1-2019Q4 period, and zero otherwise. These data are from the Federal Reserve Bank of St.
Louis.

Table 11 reports the regression results. We see in columns (1)—(2) that expected inflation is
a strong driver of the price-dividend ratio and the market-to-book ratio, beyond the information
contained in firm fundamentals and economic/financial conditions. A one-standard-deviation decrease
in the expected inflation rate (1.865) increases the price-dividend ratio by 17.29, which is economically
sizable. Column (3) reports similar results for the level of distress risk. Results are similar if we end the
sample in 2007 in columns (4)—(6) ensuring that the decade of low inflation after the Global Financial

Crisis does not drive our results.
Table 11 [about here]

We now turn to another central prediction of the model: a decrease in expected inflation has
a stronger impact on equity valuation and default risk than an increase in expected inflation. The
following analysis tests for such asymmetry in the data. To investigate a potential non-linearity in
the relation between the valuation ratios (or default risk) and expected inflation, we interact expected
inflation with a dummy variable, Dy, 5s, that takes the value of 1 when expected inflation is below the
75t percentile. This choice follows from our calibration, in which high expected inflation corresponds
to the top quartile. Table 12 show the relation between equity valuations and expected inflation is
stronger when expected inflation is lower. The difference in the sensitivity to expected inflation is
economically and statistically significant. The total effect of expected inflation on the price-dividend
ratio is -15.15 when expected inflation is below the 75" percentile, whereas it is only -2.65 for expected
inflation in the top quartile. The same result holds for distress risk. The empirical support for such
asymmetry confirms that an increase in expected inflation is not the mirror image of a decrease in

expected inflation.

Table 12 [about here]

6.5 Cross-sectional analysis

We now use our regression-based analysis to test two key cross-sectional predictions of the model. First,
we verify that the effect of expected inflation on the price-dividend ratio is weaker for high leverage
firms. Columns (1) to (3) of Table 13 introduce an interaction term between expected inflation and
firm leverage that confirms our theoretical prediction. In particular, the impact of expected inflation is
statistically weaker for firms with higher leverage, controlling for expected drivers of financial leverage
such as firm performance and aggregate economic/financial conditions.

Second, we verify the prediction that the relation between equity valuation and expected inflation

becomes weaker when prices are less sticky. Columns (4) to (7) of Table 13 introduce an interaction
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between expected inflation with the frequency of price adjustments from Pasten et al. (2017). A higher
frequency of price adjustments implies less sticky output prices, which we interpret as a lower degree
of cash flow stickiness through the lens of our model. The interaction term is positive and statistically
significant. The relation between the price-dividend ratio and expected inflation thus becomes weaker
with a higher frequency of price adjustments, that is when prices are less sticky. The same result
obtains for the relation between market-to-book ratio and expected inflation.?! We can conclude that
the strong negative relation between equity valuation and expected inflation observed in the data

reflects a high degree of cash flow stickiness. This finding provides further support to our model.

Table 13 [about here]

6.6 Robustness analysis

In this section, we report several alternative tests to probe the robustness of our empirical findings.
We first address the potential concern that variations in expected inflation reflect changes in economic
or financial conditions, in particular given the low inflation levels observed during and after the Great
Recession. It is therefore critical to exploit a measure of expected inflation that is independent of the
business cycle. To this end, we first orthogonalize the level of expected inflation with respect to the
NBER recession indicator and reproduce our portfolio analysis of Table 10 with this orthogonalized
measure. Table 14 displays the results. Alternatively, Table 15 focuses on the 1972Q2-2007Q4 period
to ensure that observations during and subsequent to the Great Recession do not drive the relation
between expected inflation with equity valuation and default risk. In both analyses, the results continue

to hold with the same economic magnitude and statistical significance.
Tables 14 and 15 [about here]

We go through the same exercise for the firm-level regressions, which all control for indicators of
NBER recession and post-2007 years. Columns (4)—(6) of Tables 11 and 12 repeat the baseline analysis
of columns (1)—(3) but for the 1972Q2-2007Q4 period, thereby excluding observations during which
equity valuation and default risk are most sensitive to expected inflation. The relations continue to
be negative and asymmetric. Furthermore, our rich set of financial, macroeconomic, and firm-level
controls allows us to disentangle the impact of nominal and real conditions. Hence, we can rule out
the concern that a high or a low inflation environment reflects a bad state of the economy, thereby

driving equity valuation and default risk.

31By contrast, the relation between default risk and expected inflation becomes only marginally weaker with a higher
frequency of price adjustments. To see that, a one-standard-deviation increase in the frequency of price adjustments
reduces the impact of expected inflation on default risk from -0.184 (= —0.19 4 0.03 x 0.32) to -0.178 (= —0.19 + 0.03 x
(0.32 + 0.19)). This change is economically negligible.
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Our robustness analysis also considers alternative samples. First, we compare the findings with
and without financial firms and utilities in Table 16, because they operate in regulated markets or
have special capital structures. Second, columns (1)—(3) of Table 17 exclude all tech firms, which tend

to display relatively high equity valuations. The results remain similar in all of these cases.
Tables 16 and 17 [about here]

Furthermore, we address the concern that the high levels of expected inflation in the 1970s may
be a driver of our results. We thus exclude the pre-1980 period and report the results in columns
(4)—(6) of Table 17. This analysis shows that our findings are not driven by the changes in equity
valuation and default risk as a consequence of the large variations in expected inflation during that
period. Expected inflation decreased substantially over time and at the same time valuation ratios
have, on average, increased. To ensure that such a secular trend does not drive our baseline results,
Table 18 directly controls for a linear time trend. The results remain qualitatively similar, that is,

equity valuations decrease in expected inflation even after controlling for a time trend.
Table 18 [about here]

Finally, we verify that the results are not driven by the time-varying comovement between stocks
and bonds. Over the last few decades, the correlation between stocks and bonds has switched signs
(Bilal, 2017; Campbell et al., 2020; Boons et al., 2020), which might impact the relation between
expected inflation, equity valuations, and default risk. Table 19 shows that the empirical effect of
expected inflation on equity valuation and default risk is negative and statistically significant in periods
of negative and positive stock-bond correlation, which we compute using the unsmoothed correlation
of Campbell et al. (2020). Interestingly, the relations become steeper in times of positive stock-bond
correlation, i.e., when an increase in expected inflation reduces consumption growth and is thus viewed

as bad news.

Table 19 [about here]

6.7 Equity and credit spread term structures

Nominal price stickiness in output markets can temporarily generate sticky cash flows but this effect
is likely of moderate persistence. To study these implications, we explore the equity and credit spread

32 'We empirically analyze

term structures in the data and compare them to the model predictions.
the conditional term structure of forward equity yields, using the model-implied data from Giglio

et al. (2021). The term structures of forward equity yields conditional on real and nominal states are

32We thank the editor and two referees for motivating this analysis.
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displayed in Panels A and B of Figure 8. As in Giglio et al. (2021), the term structure is upward
sloping in expansions and downward sloping in recessions. We provide evidence that the slope also
varies strongly with expected inflation. Panel B of Figure 8 shows the slope of the term structure of
equity yields is positive for states of low and moderate inflation, but turns negative for states of high
inflation. The difference in the slope slowly compresses as the time horizon increases. Furthermore, the
equity yields always increase with the level of expected inflation for any maturity, thereby providing
further support for one of the key empirical results we address with our model: equity valuation
decreases with expected inflation. These findings are all consistent with the predictions of our model
with sticky cash flows.

We then estimate the average credit spreads by maturity using an extensive dataset of 20,068 cor-
porate bonds issued by 2,123 firms, spanning the period matching the equity yield sample.?® Panels
C and D of Figure 8 show the value-weighted results conditional on real and nominal states, respec-
tively. As illustrated in Panel C, credit spreads display a hump shape, that is, an upward-sloping
term structure in the short term but a downward-sloping term structure for longer horizons, that is
similar to the model-implied patterns reported in Figure 5. Credit spreads are also higher during
periods of lower inflation for any maturity, confirming the main results of our paper that default risk
increases with lower expected inflation. This result provides further evidence on the negative relation
between expected inflation and default risk, as measured by the implied default probability in our
main empirical analysis. The difference between the credit spreads in high vs. low expected inflation
is persistent over time, which implies moderate convergence across nominal states in the long run.
Again, the predictions of our model are consistent with this new set of observations.

Overall, one may expect that price rigidity in the goods market implies sticky nominal cash flow
growth in the short run. Whether the price rigidity is transitory or not should be reflected in the
response of the term structure of equity yields. Similarly, any expected adjustment in firms’ capital
structure should be reflected in the term structure of credit spreads. Our analysis suggests the differ-
ence in term structures across nominal conditions remains of the expected sign and stays large for a
relatively long horizon, consistent with the size of the frictions (the degree of cash flow and leverage

stickiness) we assume theoretically.
Figure 8 [about here]

6.8 Summary

Our empirical investigation of the impact of expected inflation on equity valuation and default risk

highlights several main findings. First, we document that the relations are robust feature of the

33 Appendix D describes the construction of the corporate credit spreads by maturity and provides a description of the
bond data.
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data and, in particular, hold for individual firms. Firm-level regressions reveal equity valuation and
default risk jointly decrease with expected inflation, even after controlling for firm characteristics or
for variations in aggregate financial, economic, and monetary conditions. Second, the relations are
asymmetric, that is, a decrease in expected inflation has a stronger impact on a firm’s default risk and
equity valuation when expected inflation is low than when it is high. Third, we validate the cross-
sectional prediction of our theory that the relation between equity valuation and expected inflation is
stronger for less levered firms. Leverage thus reduces, rather than exacerbates, the sensitivity of equity
valuations to changes in nominal conditions. Hence, our analysis provides novel empirical evidence
that the relations are negative and asymmetric at the firm-level, and vary across financial leverage
ratios. Fourth, we show firms with less sticky output prices are less sensitive to movements in expected
inflation. Finally, we find our model implies term structures of equity yields and credit spreads that

closely match those observed in the data, thereby lending further support for the model.

7 Conclusion

Default risk decreases in times of higher expected inflation, despite a fall in equity valuations. Our
empirical contribution is to provide new evidence that these relations are robust features of the data,
not only at the market level but also for individual firms. In particular, we show these relations are
asymmetric and vary with firm leverage. Our theoretical contribution is to develop a model which
jointly rationalizes these stylized patterns in the data. In the model, inflation risk impacts real asset
prices via two empirically grounded nominal frictions: sticky leverage and sticky cash flows. Two
key mechanisms are at play. First, long-term nominal debt coupons are fixed, but expected inflation
varies. This stickiness in leverage makes expected future real debt coupons dependent on future
expected inflation, ensuring that inflation risk impacts real corporate bond values and hence default
risk. Second, the expected cash flow growth rate is less sensitive to variations in expected inflation
than the nominal risk-free rate. This stickiness in cash flows makes equity prices decreasing in the
nominal risk-free rate and hence in expected inflation.

Our model thus implies that higher expected inflation simultaneously decreases default risk and real
asset values. Importantly, the relations are asymmetric, as a decrease in expected inflation increases
real equity values by more than an increase in expected inflation of equal size. The effect on equity
prices is also stronger for firms with less leverage. Hence, leverage dampens rather than exacerbates
the sensitivity of equity valuation to inflation expectations. We find support for the model predictions
in the data, lending credence to the idea that sticky leverage and sticky cash flows are important

channels for understanding the impact of inflation risk on real asset values and corporate default risk.
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Table 1: Estimation of cash flow stickiness

This table reports estimates of the degree of cash flow stickiness, as determined by the sensitivity of expected
cash flow growth to expected inflation. Expected cash flow growth is measured as the mean forecast for
the one-year-ahead corporate profit growth rate, while expected inflation is measured as the mean forecast
for one-year-ahead inflation. All growth rates are annualized. We report standard errors corrected for
heteroskedasticity and serial correlation in parentheses. Statistical significance at the 10%, 5%, and 1% levels is
denoted by *, ** and *** respectively. Forecast data are obtained from the Survey of Professional Forecasters
provided by the Federal Reserve Bank of Philadelphia. The control variables are retrieved from the Federal
Reserve of St-Louis. The sample period is 1970Q2-2019Q4.

Dependent Variable: Expected Profit Growth

(1) 2) (3) (4)

Expected Inflation 0.373** 0.383** 0.409** 0.407**
(0.176) (0.173) (0.171) (0.164)

Expected GDP Growth 3.806%** 4.057*** 4.262%** 4.264%**
(0.283) (0.320) (0.313) (0.309)
Consumption Growth -0.225 0.009 0.011
(0.166) (0.167) (0.177)

Industrial Production Growth -0.198*** -0.197***
(0.058) (0.062)
NBER Recession 0.076
(1.222)

Constant -4.408*** -4.44TF** -5.363*** -5.382%**
(0.970) (0.965) (0.942) (1.004)

Nobs 199 198 198 198

R? 0.578 0.582 0.606 0.606
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Table 3: Firm policies and asset prices

This table presents the predictions of the model regarding endogenous firm policies and asset valuation. Panel A
reports the coupon and the conditional default boundaries. The capital structure is chosen optimally in the
state of expansion with moderate inflation. Panel B reports the conditional asset pricing quantities for the
economy. Each column displays the predictions for a specific state of the economy: the expected inflation rate
can be low (L), moderate (M), or high (H), whereas the real economy can be in recession (R) or in expansion
(E). The table also reports the unconditional predictions for a weighted average of these states. Market leverage
is the ratio of the market value of debt to the sum of the market values of debt and equity. The parameter
values of the model are reported in Table 2 and discussed in Section 5.1.

Unconditional Conditional

State 1 State 2 State 3 State4 State5 State 6
R&KL R&M R&H E&L E&M E&H

Stationary Probability 0.0327 0.0654 0.0327 0.2174 0.4345 0.2173
Panel A: Corporate Policies
Default Boundaries (Coupon: 0.7290) 0.2371  0.2475 0.2490 0.2018 0.2104  0.2115
Panel B: Asset Pricing Quantities
Equity Value 13.63 10.17 8.76 8.33 16.18 13.94 13.23
Debt Value 8.16 8.33 7.42 7.02 9.24 8.10 7.60
Market Leverage (%) 37.76 45.02 45.86 45.73 36.34 36.74 36.48
Equity Risk Premium (%) 4.57 18.37 18.40 18.29 2.50 2.50 2.50

Credit Spreads (bps) 154.31  242.70  225.72 21843 154.61 140.72 136.76




Table 4: Conditional equity risk premium under different model specifications

This table reports the conditional equity risk premium (in %) under alternative model specifications. Panel A
reports the equity risk premium for our baseline model with and without sticky cash flows. Panel B reports the
predictions of a model with correlated consumption and inflation shocks (shock correlation). Panel C reports the
predictions of a model with correlated expected consumption growth and expected inflation (regime correlation).
Each line of Panel C captures a different degree of regime correlation, which implies different levels of inflation
risk premium (IRP). Each column reports model predictions for a different current state of the economy. The
expected inflation rate can be low (L), moderate (M), or high (H), whereas the real economy can be in recession
(R) or in expansion (E). The parameter values of the model are reported in Table 2 and discussed in Section

5.1.
Unc. RL

Panel A: No IRP
Sticky cash flows 4.57 18.37
No stickiness 4.98 21.88
Panel B: Non-zero Shock Correlation
Sticky cash flows 4.58 18.37
No stickiness 4.98 21.87
Panel C: Non-zero Regime Correlation
IRP 25 bps 4.82 20.87
IRP 50 bps 5.07 23.67
IRP 75 bps 5.32 26.79
IRP 100 bps 5.57 29.94
IRP 125 bps 5.82 33.22

RM

18.40
20.08

18.38
19.97

19.38
20.40
21.42
22.31
23.09

RH

18.29
19.32

18.31
19.37

17.73
17.27
16.90
16.63
16.42

EL

2.50
2.79

2.53
2.87

2.84
3.21
3.63
4.05
4.46

EM

2.50
2.64

2.51
2.65

2.54
2.58
2.62
2.66
2.70

EH

2.50
2.60

2.48
2.55

2.64
2.7
2.90
3.02
3.12
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Table 5: Firm policies and asset prices — constant inflation

This table presents the predictions of the model without fluctuating nominal conditions. Expected inflation is
constant and set to its unconditional mean over the sample period, which corresponds to the moderate expected
inflation state (M). Panel A reports the coupon and the conditional default boundaries. The capital structure
is chosen optimally in the state of expansion. Panel B reports the conditional asset pricing quantities for the
economy. Each column displays the predictions for a specific state of the economy, which can be in recession
(R) or in expansion (E). The table also reports the unconditional predictions for a weighted average of these
states. Market leverage is the ratio of the market value of debt to the sum of the market values of debt and
equity. The parameter values of the model are reported in Table 2 and discussed in Section 5.1.

Unconditional Conditional

State 2 State 5
R&M E&M

Stationary Probability 0.1308 0.8692
Panel A: Corporate Policies
Default Boundaries (Coupon: 0.7146) 0.2416 0.2054
Panel B: Asset Pricing Quantities
Equity Value 13.56 8.99 14.25
Debt Value 7.97 7.39 8.06
Market Leverage (%) 37.29 45.11 36.12
Equity Risk Premium (%) 4.54 18.20 2.48
Credit Spreads (bps) 148.92 221.06 138.06

Table 6: Asset pricing implications of nominal risk

This table presents the impact of nominal risk on asset prices. It reports differences in asset pricing predictions
between a model with fluctuating expected inflation and a model with constant expected inflation. In the latter
case, the expected inflation rate is constant and set to its unconditional mean (i.e. moderate inflation state),
and the model predictions are those of Table 5. The differences in asset values are in relative terms (%). The
differences in leverage and equity risk premium are in percentage points, while the difference in credit spreads
are in basis points. Each column reports model predictions for a different current state of the economy. The
expected inflation rate can be low (L), moderate (M), or high (H), whereas the real economy can be in recession
(R) or in expansion (E). The parameter values of the model are reported in Table 2 and discussed in Section 5.1.

Unconditional Conditional

State 1  State 2 State 3 State4 Stated State 6
R&LKL R&M R&H E&L E&M E&H

Change in Stationary Probability 0.0327  0.0654  0.0327 0.2174 0.4345 0.2173
Change in Equity Value 0.47 13.15 -2.61 -7.30 13.53 -2.21 -7.14
Change in Debt Value 2.44 12.73 0.40 -4.93 14.60 0.48 -5.66
Change in Firm Value 1.20 12.96 -1.25 -6.23 13.92 -1.24 -6.61
Change in Market Leverage (%) 1.25 -0.20 1.67 1.39 0.60 1.74 1.01
Change in Equity Risk Premium (%) 0.04 0.17 0.20 0.09 0.02 0.02 0.01
Change in Credit Spreads (bps) 5.39 21.64 4.66 -2.63 16.55 2.65 -1.30
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Table 7: Cross-sectional predictions

This table presents the cross-sectional impact of nominal risk by market leverage. The table reports asset
pricing predictions for firms that differ in their levels of cash flow, which generates cross-sectional differences in
market leverage. Predictions are reported across nominal conditions for a firm with low (35%) and high (55%)
leverage. The expected inflation rate can be low (L), moderate (M), or high (H), while the real economy is set
at its unconditional state. The table also displays the difference in results between the high (H) and the low
(L) expected inflation state, as well as the double difference. The parameter values of the model are reported
in Table 2 and discussed in Section 5.1.

Expected Inflation Equity Credit Spread
Low Leverage  High Leverage  Low Leverage  High Leverage

L 21.18 9.74 130.33 231.76
M 18.26 8.37 117.96 214.36
H 17.32 7.96 114.73 207.32
H-L —3.86 —1.78 —15.60 —24.44
Double Difference 2.08 —8.84
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Table 8: Descriptive statistics

This table reports the summary statistics of the main variables. Financial variables at the firm level are
value-weighted. Expected inflation is from the Survey of Professional Forecasters from the Federal Reserve
Bank of Philadelphia. The default probability is the marginal probability of bankruptcy or failure over the
next quarter, which is computed as in Campbell et al. (2008). Section 6.1 provides details on the computation
of the firm variables. N is the number of observations. The sample period is 1972Q2-2019Q4.

Mean SD 25% Perc Median 75% Perc
Expected Inflation (%) 3.634 1.865 2.207 3.055 4.410
Price-Dividend Ratio 72.621 60.624 23.958 40.000 72.807
Market-Book Ratio 3.080 1.655 0.956 1.428 2.271
Distress Risk -7.867 0.718 -8.266 -7.855 -7.383
Default Probability (bps) 4.561 0.376 2.570 3.875 6.211
Market Leverage 0.258 0.231 0.112 0.278 0.484
Net Income to Total Assets (%) 0.761 1.024 0.260 0.800 1.296
Excess Return (%) 3.721 35.122 -15.171 1.993 20.696
Return Volatility (%) 27.127 19.366 23.956 29.133 40.237
Size to Market -8.605 2.636 -11.198 -9.102 -7.298
Short Term Assets to Total 0.054 0.071 0.015 0.037 0.083
Log Share Price 0.554 2.701 0.451 1.268 3.139
Change in Total Assets (%) 1.844 6.079 -0.702 1.542 4.341
Profitability 0.133 10.800 0.004 0.051 0.085
Size 7.047 1.965 4.704 6.198 7.637
IP Growth (%) 1.817 4.278 0.497 2.659 4.707
S&P500 (%) 9.732 15.787 1.388 10.926 19.345
Slope (%) 1.274 1.477 0.250 1.290 2.260
Frequency of Price Adjustment 0.323 0.191 0.163 0.253 0.486
N 798,288 798,288 798,288 798,288 798,288
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Table 9: Conditional equity valuation and default risk

This table reports average price-dividend ratios, market-to-book ratios, and default risk by state. Reported
estimates of distress risk are computed as in Campbell et al. (2008). The default probability is the marginal
probability of bankruptcy or failure over the next quarter (reported in bps), whereas the distress risk measure
corresponds to the logarithm of the default probability. Expansions (E) and recessions (R) are determined by
the median real GDP growth. Low (L) and high (H) expected inflation states are determined by the bottom
and top quartile of expected inflation; the moderate (M) state spans the interquartile range. Expected inflation
is from the Survey of Professional Forecasters from the Federal Reserve Bank of Philadelphia. The sample
period is 1972Q2-2019Q4.

State 1 State 2 State 3 State4 Stateb State6
R&KL R&M R&H E&L E&M E&H

P/D Ratio 68.85 58.32 30.60 76.69 59.76 38.92
M/B Ratio 2.13 1.86 1.05 2.44 1.84 1.23
Distress Risk —7.99 -7.80 —8.14 —7.61 —7.94 -8.29
Default Probability (bps) 5.07 4.10 2.92 4.95 3.55 2.52
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Table 11: Regressions on expected inflation

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
Expected inflation is from the Survey of Professional
Forecasters from the Federal Reserve Bank of Philadelphia. Default risk is the level of distress risk computed
as in Campbell et al. (2008), which corresponds to the logarithm of the marginal probability of bankruptcy
or failure over the next quarter. Section 6.1 provides additional details on the data. The sample period is

inflation, firm characteristics, and macro aggregates.

1972Q2-2019Q4 in columns (1)~(3) and 1972Q2-2007Q4 in columns (4)—(6).

effects at the Fama & French 17 industry classification.

We report standard errors in
parentheses. Standard errors are clustered at the quarter level and all specifications include industry fixed

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk
(1) 2 ®3) 4) (5) (6)
Expected Inflation (up) -9.27 -0.14 —-0.14 -9.90 —-0.14 —0.18
(0.52) (0.01) (0.01) (0.51) (0.00) (0.01)
Investment 101.69 1.68 —0.77 107.26 1.69 —0.62
(2.56) (0.05) (0.05) (3.21) (0.05) (0.05)
Profitability 0.00 0.00 0.00 —0.01 0.00 0.00
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00)
log Size 3.44 0.25 —0.06 3.67 0.23 —0.04
(0.17) (0.00) (0.00) (0.22) (0.01) (0.00)
IP Growth 30.96 —0.11 —0.82 8.85 0.16 —0.51
(8.69) (0.15) (0.22) (10.53) (0.16) (0.24)
S&P Return 18.66 0.37 —0.10 12.18 0.42 0.07
(2.81) (0.05) (0.06) (3.18) (0.05) (0.06)
Yield Curve —1.40 —0.06 —0.07 —2.03 —0.05 —0.07
(0.29) (0.00) (0.01) (0.30) (0.00) (0.01)
Leverage —35.37 -1.91 1.56 —35.55 —1.80 1.50
(0.76) (0.03) (0.02) (0.83) (0.02) (0.01)
Recession 2.61 0.02 0.17 1.18 0.05 0.13
(1.76) (0.03) (0.03) (2.23) (0.03) (0.04)
Dummypost 2008 —16.32 —0.23 0.05
(1.07) (0.02) (0.02)
Industry FE X X X X X X
Nobs 798,288 798,288 798,288 592,819 592,819 592,819
R? 16.71% 32.53% 49.34% 19.78% 35.95% 46.50%
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Table 12: Regressions on expected inflation — Convexity

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation, including an interaction term capturing the asymmetry in the relations. Expected inflation is from
the Survey of Professional Forecasters from the Federal Reserve Bank of Philadelphia. Dy, 5; denotes a dummy
variable that equals 1 when expected inflation is below the third quartile. Default risk is the level of distress
risk computed as in Campbell et al. (2008), which corresponds to the logarithm of the marginal probability of
bankruptcy or failure over the next quarter. Section 6.1 provides additional details on the data. The sample
period is 1972Q2-2019Q4 in columns (1)—(3) and 1972Q2-2007Q4 in columns (4)-(6). We report standard
errors in parentheses. Standard errors are clustered at the quarter level and all specifications include industry
fixed effects at the Fama & French 17 industry classification.

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk

(1) 2) ®3) 4) (5) (6)
Expected Inflation (pp) —2.65 —0.08 —0.10 —4.18 —0.09 —0.01
(0.55) (0.01) (0.01) (0.38) (0.01) (0.02)
wp X D m —12.50 —0.11 —0.08 —12.74 -0.13 —0.13
(0.73) (0.01) (0.02) (0.91) (0.02) (0.01)
Investment 101.02 1.68 —-0.77 106.92 1.70 —0.62
(2.55) (0.05) (0.05) (3.08) (0.04) (0.05)
Profitability 0.00 0.00 0.00 0.19 0.01 0.00
(0.00) (0.00) (0.00) (0.02) (0.00) (0.00)
log Size 3.21 0.25 —0.06 3.38 0.23 —0.04
(0.16) (0.00) (0.00) (0.22) (0.01) (0.00)
IP Growth 51.99 0.08 —0.68 26.45 0.41 —0.24
(6.00) (0.14) (0.22) (6.37) (0.13) (0.23)
S&P Return 17.34 0.36 —0.11 15.78 0.46 0.04
(2.02) (0.04) (0.06) (2.17) (0.05) (0.06)
Yield Curve —0.05 —0.05 —0.06 —0.50 —0.03 —0.06
(0.21) (0.00) (0.01) (0.21) (0.00) (0.01)
Leverage —35.19 —1.91 1.57 —35.44 —1.79 1.51
(0.77) (0.03) (0.02) (0.84) (0.02) (0.01)
Recession 1.94 0.02 0.17 0.03 0.05 0.14
(1.23) (0.02) (0.03) (0.02) (0.02) (0.04)
Dummypost 2008 —22.70 —0.29 0.01
(0.91) (0.02) (0.03)
Industry FE X X X X X X
Nobs 798,288 798,288 798,288 592,966 592,966 592,966
R? 17.33% 32.60% 49.52% 20.62% 36.08% 47.04%
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Table 13: Regressions on expected inflation — Interactions with leverage and price stickiness

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation by leverage and price stickiness. Expected inflation is from the Survey of Professional Forecasters from
the Federal Reserve Bank of Philadelphia. Default risk is the level of distress risk computed as in Campbell
et al. (2008), which corresponds to the logarithm of the marginal probability of bankruptcy or failure over the
next quarter. Columns (1)—(3) add interaction terms between expected inflation and leverage, while columns
(4)-(6) add interaction terms between expected inflation and the frequency of price adjustment (FPA) from
Pasten et al. (2017). Higher frequencies imply lower price stickiness. Section 6.1 provides additional details on
the data. The sample period is 1972Q2-2019Q4. We report standard errors in parentheses. Standard errors
are clustered at the quarter level and all specifications include industry fixed effects at the Fama & French 17
industry classification.

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk

(1) (2) 3) (4) () (6)

Expected Inflation (up) —11.65 —0.25 —0.16 —11.96 —0.30 —0.19

(0.41) (0.01) (0.01) (0.60) (0.01) (0.01)

ppx Leverage 7.95 0.30 0.02
(0.47) (0.01) (0.00)

uwpx FPA 4.57 0.41 0.04

(0.57) (0.02) (0.01)

Investment 102.53 1.70 —0.66 112.36 1.79 —0.72

(2.60) (0.05) (0.06) (2.77) (0.05) (0.08)

Profitability 0.00 0.00 0.00 0.00 0.00 0.00

(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

log Size 3.36 0.25 —0.07 3.95 0.26 —0.07

(0.17) (0.00) (0.00) (0.15) (0.00) (0.00)

IP Growth 32.07 —0.10 —0.95 38.92 -0.23 0.42

(8.45) (0.14) (0.19) (9.70) (0.19) (0.22)

S&P Return 16.91 0.36 —0.22 17.12 0.36 0.13

(2.73) (0.05) (0.05) (2.54) (0.05) (0.05)

Yield Curve —-1.29 —0.06 —0.07 —0.25 —0.06 —0.06

(0.28) (0.00) (0.01) (0.29) (0.00) (0.01)

Leverage —64.27 -3.01 2.29 —44.71 —-1.97 3.95

(2.00) (0.06) (0.01) (0.92) (0.02) (0.02)

Recession 2.28 0.03 0.18 3.61 0.03 0.05

(1.71) (0.03) (0.03) (1.50) (0.03) (0.03)

Dummypost 2008 —16.73 —0.26 0.00 0.92 —0.31 0.13

(1.01) (0.02) (0.02) (0.20) (0.02) (0.01)

FPA —16.37 —1.82 0.91

(2.57) (0.09) (0.04)

Industry FE X X X X X X
Nobs 798,288 798,288 798,288 445,728 445,728 445,728
R? 17.04% 33.16% 50.56% 15.27% 32.44% 41.63%
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Table 16: Regressions on expected inflation — Convexity: excl Finance and Utilities

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation excluding Finance and Utilities. Expected inflation is from the Survey of Professional Forecasters
from the Federal Reserve Bank of Philadelphia. Dy, ps denotes a dummy variable that equals 1 when expected
inflation is below the third quartile. Default risk is the level of distress risk computed as in Campbell et al.
(2008), which corresponds to the logarithm of the marginal probability of bankruptcy or failure over the next
quarter. Section 6.1 provides additional details on the data. The sample period is 1972Q2-2019Q4 in columns
(1)-(3) and 1972Q2-2007Q4 in columns (4)—(6). We report standard errors in parentheses. Standard errors
are clustered at the quarter level and all specifications include industry fixed effects at the Fama & French 17
industry classification.

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk

(1) (2) 3) (4) () (6)
Expected Inflation (pp) —3.75 —0.10 —0.11 —5.25 —0.10 —0.01
(0.70) (0.01) (0.01) (0.48) (0.01) (0.02)
up X Dp p —15.25 —0.05 —0.08 —18.62 —0.08 —0.14
(0.96) (0.02) (0.02) (0.87) (0.02) (0.01)
Investment 119.98 1.75 —-0.83 122.42 1.81 —0.67
(3.31) (0.05) (0.05) (3.89) (0.05) (0.05)
Profitability 0.00 0.00 0.00 0.16 0.01 0.00
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00)
log Size 3.30 0.33 —0.05 2.93 0.28 —0.03
(0.19) (0.01) (0.00) (0.25) (0.01) (0.00)
IP Growth 54.80 0.41 —0.69 27.31 0.64 —0.47
(6.80) (0.20) (0.22) (7.74) (0.15) (0.24)
S&P Return 19.96 0.49 —0.15 20.52 0.58 0.00
(2.58) (0.06) (0.06) (2.75) (0.06) (0.06)
Yield Curve -0.37 -0.07 —0.06 —0.58 —0.04 —0.06
(0.27) (0.01) (0.01) (0.28) (0.01) (0.01)
Leverage —33.21 —-2.39 2.12 —34.90 —2.32 2.09
(0.96) (0.04) (0.02) (1.02) (0.04) (0.01)
Recession 2.69 —0.06 0.18 —0.34 0.08 0.17
(1.59) (0.03) (0.03) (1.43) (0.02) (0.03)
Dummypost 2008 —31.19 0.01 —0.03
(1.16) (0.04) (0.02)
Industry FE X X X X X X
Nobs 464,322 464,322 464,322 356,938 356,938 356,938
R? 15.75% 34.70% 48.65% 19.01% 38.40% 48.31%
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Table 17: Regressions on expected inflation — Convexity: no Tech or pre-1980

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation using different samples. Expected inflation is from the Survey of Professional Forecasters from the
Federal Reserve Bank of Philadelphia. Dy, 5; denotes a dummy variable that equals 1 when expected inflation
is below the third quartile. Default risk is the level of distress risk computed as in Campbell et al. (2008),
which corresponds to the logarithm of the marginal probability of bankruptcy or failure over the next quarter.
Section 6.1 provides additional details on the data. The sample period is 1972Q2-2019Q4 in columuns (1)—(3)
but excludes all tech firms, while it is 1980Q1-2019Q4 in columns (4)—(6). We report standard errors in
parentheses. Standard errors are clustered at the quarter level and all specifications include industry fixed
effects at the Fama & French 17 industry classification.

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk

(1) (2) 3) (4) () (6)

Expected Inflation (pp) —2.61 —0.09 —0.10 —2.20 —0.11 —0.13

(0.55) (0.01) (0.01) (0.53) (0.01) (0.02)

up X Dp p —12.58 —0.08 —0.08 —13.00 —0.05 —0.05

(0.72) (0.01) (0.02) (0.69) (0.02) (0.02)

Investment 100.56 1.67 —0.76 112.61 1.82 —0.84

(2.57) (0.05) (0.05) (2.29) (0.05) (0.04)

Profitability 0.00 0.00 0.00 0.00 0.00 0.00

(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

log Size 3.16 0.26 —0.06 3.38 0.27 —0.07

(0.16) (0.00) (0.00) (0.18) (0.00) (0.00)

IP Growth 51.13 0.25 —0.68 72.62 0.33 —0.16

(5.98) (0.16) (0.22) (7.70) (0.20) (0.26)

S&P Return 17.16 0.35 —0.11 15.79 0.27 —0.19

(2.01) (0.05) (0.06) (2.12) (0.05) (0.06)

Yield Curve 0.00 —0.06 —0.06 0.47 —-0.07 —0.06

(0.22) (0.01) (0.01) (0.24) (0.01) (0.01)

Leverage —34.79 —-1.91 1.56 —38.90 —2.05 1.58

(0.77) (0.03) (0.02) (0.77) (0.03) (0.02)

Recession 1.98 —0.02 0.16 3.35 —0.06 0.17

(1.24) (0.02) (0.03) (1.58) (0.03) (0.04)

Dummypost 2008 —22.70 —0.16 0.03 —23.13 —0.16 0.04

(0.87) (0.02) (0.02) (0.86) (0.02) (0.02)

Industry FE X X X X X X
Nobs 702,000 702,000 702,000 694,460 694,460 694,460
R? 17.35% 32.34% 49.65% 14.82% 30.14% 47.40%
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Table 18: Regressions on expected inflation — With time trend

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation, controlling for a linear time trend. Expected inflation is from the Survey of Professional Forecasters
from the Federal Reserve Bank of Philadelphia. Default risk is the level of distress risk computed as in Campbell
et al. (2008), which corresponds to the logarithm of the marginal probability of bankruptcy or failure over the
next quarter. Section 6.1 provides additional details on the data. The sample period is 1972Q2-2019Q4 in
columns (1)—(3) and 1972Q2-2007Q4 in columns (4)—(6). We report standard errors in parentheses. Standard
errors are clustered at the quarter level and all specifications include industry fixed effects at the Fama &
French 17 industry classification.

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk

(1) 2) () 4) (5) (6)
Expected Inflation (up) —3.40 —0.07 —0.12 —2.48 —0.07 —0.07
(0.41) (0.01) (0.02) (0.43) (0.01) (0.01)
Investment 105.42 1.73 —0.75 113.80 1.77 —0.54
(2.35) (0.04) (0.05) (2.66) (0.04) (0.05)
Profitability 0.00 0.00 0.00 0.18 0.01 0.00
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00)
log Size 2.91 0.25 —0.06 3.00 0.23 —0.05
(0.17) (0.00) (0.00) (0.23) (0.01) (0.00)
IP Growth 38.56 —0.01 —0.79 18.96 0.37 0.11
(6.58) (0.13) (0.22) (9.38) (0.20) (0.26)
S&P Return 23.71 0.44 —0.08 20.96 0.51 0.10
(1.88) (0.04) (0.06) (2.36) (0.05) (0.06)
Yield Curve 0.88 —0.03 —0.06 0.63 —0.02 —0.04
(0.21) (0.00) (0.01) (0.20) (0.00) (0.01)
Leverage —33.85 —1.90 1.57 —33.50 —1.78 1.53
(0.77) (0.03) (0.02) (0.85) (0.02) (0.01)
Recession 4.42 0.05 0.18 0.77 0.05 0.08
(1.51) (0.02) (0.03) (1.57) (0.02) (0.03)
Dummypost 2008 —32.00 —0.43 —0.02
(1.23) (0.02) (0.04)
Industry FE X X X X X X
Time Trend X X X X X X
Nobs 798,288 798,288 798,288 592,819 592,819 592,819
R? 17.36% 32.67% 49.43% 20.71% 36.08% 47.66%
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Table 19: Regressions on expected inflation — Split by stock-bond correlation

This table reports regressions of price-dividend ratios, market-to-book ratios and default risk on expected
inflation by stock-bond correlation. Expected inflation is from the Survey of Professional Forecasters from
the Federal Reserve Bank of Philadelphia. Default risk is the level of distress risk computed as in Campbell
et al. (2008), which corresponds to the logarithm of the marginal probability of bankruptcy or failure over the
next quarter. Columns (1)—(3) focus on periods with negative stock-bond correlations, while columns (4)—(6)
focus on periods with positive stock-bond correlations. We calculate the unsmoothed stock-bond correlation
Section 6.1 provides additional details on the data.
1972Q2-2019Q4. We report standard errors in parentheses. Standard errors are clustered at the quarter level

as in Campbell et al. (2020).

The sample period is

and all specifications include industry fixed effects at the Fama & French 17 industry classification.

Negative Stock-Bond Correlation

Positive Stock-Bond Correlation

P/D Ratio M/B Ratio Default Risk P/D Ratio M/B Ratio Default Risk
(1) (2) 3) (4) () (6)
Expected Inflation (up) —-7.23 —0.06 —-0.11 —-8.29 —-0.14 -0.19
(2.60) (0.02) (0.04) (0.58) (0.01) (0.01)
Investment 99.97 1.60 —0.66 103.13 1.80 —-0.61
(3.64) (0.07) (0.10) (3.47) (0.06) (0.07)
Profitability 0.00 0.00 0.00 0.17 0.01 0.00
(0.00) (0.00) (0.00) (0.02) (0.00) (0.00)
log Size 4.93 0.29 —-0.10 1.84 0.21 —0.04
(0.20) (0.01) (0.00) (0.23) (0.01) (0.00)
IP Growth 52.54 -1.33 —0.24 41.20 0.62 1.39
(10.94) (0.31) (0.33) (8.58) (0.22) (0.38)
S&P Return 25.19 0.46 0.38 17.91 0.44 0.30
(2.72) (0.07) (0.08) (3.60) (0.07) (0.09)
Yield Curve 3.21 —0.06 —0.06 —2.94 —0.05 —0.05
(0.44) (0.01) (0.01) (0.33) (0.01) (0.01)
Leverage —42.14 —-2.17 4.94 —31.37 —-1.75 4.68
(1.18) (0.05) (0.02) (0.84) (0.03) (0.02)
Recession —24.36 —0.03 0.02 0.09 0.02 0.05
(0.90) (0.03) (0.04) (2.91) (0.04) (0.06)
Dummypost 2008 6.97 -0.30 0.16 —10.85 0.00 0.02
(1.66) (0.02) (0.02) (1.55) (0.05) (0.04)
Industry FE X X X X X X
Nobs 330,374 330,374 330,374 467,914 467,914 467,914
R? 13.28% 28.77% 41.55% 19.67% 35.67% 38.68%
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Figure 2: Expected inflation and asset prices — Simple model

The figure illustrates the impact of inflation on debt value (Panel A), bond yield (Panel B), credit spread
(Panel C), Arrow Debreu default price (Panel D), firm value (Panel E), and equity value (Panel F). The
expected inflation rate is either low (1%), moderate (3%), or high (5%). Predictions are obtained with the
static corporate finance model with exogenous capital structure and default policies discussed in Section 2. We
set the parameter values to iy = 2%, oy = 15%, Xp = 0.5, Xo =1, ¢ =1, ¢ = 0.407, and r = 4%.
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Figure 3: Expected inflation and asset prices — Full model

The figure illustrates the impact of expected inflation on equity value (Panel A), credit spread (Panel B),
debt value (Panel C), and market leverage (Panel D). Each panel reports the predictions for different nominal
conditions: low, moderate, and high expected inflation.
¢ = 0.407) are compared to the predictions of a model without sticky cash flows (¢ = 1). Light grey lines
report the predictions when ¢ equals 0.6 and 0.8. All values are normalized to unity in the moderate expected
inflation state. The baseline firm has the corporate policies presented in Table 3. The parameter values of the

model are reported in Table 2 and discussed in Section 5.1.
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Figure 4: Expected inflation and asset prices — Economy of firms

The figure illustrates the impact of expected inflation on asset valuation for an economy of firms. Predictions
are reported for equity value (Panel A), credit spread (Panel B), debt value (Panel C), and market leverage
(Panel D). Each panel reports the predictions for different nominal conditions: low, moderate, and high
expected inflation. Predictions for a representative firm are compared to the predictions for an economy of
1000 firms that differ in their leverage ratios. All values are normalized to unity in the moderate expected
inflation state. All firms have initially the corporate policies presented in Table 3. The parameter values of the

model are reported in Table 2 and discussed in Section 5.1.
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Figure 7: Equity valuation, default risk, and expected inflation — By leverage

This figure plots the relations between expected inflation and the price-dividend ratios (top panels), the
market-to-book ratios (middle panels), and default risk (bottom panels). We report the relations by levels
of market leverage. The left panels show portfolios of firms with below-median leverage, whereas the right
panels report firms with above-median leverage. Each observation represents the value-weighted average of the
valuation metric across firms for a given level of expected inflation. Expected inflation is the one-year-ahead
inflation forecast from the Survey of Professional Forecasters, which is orthogonalized with respect to real
consumption growth, NBER recessions, and a dummy for the Great Recession. Default risk is the marginal
probability of bankruptcy or failure over the next quarter (reported in bps), which is computed as in Campbell
et al. (2008). Section 6.1 provides additional details on the data. The sample period is 1972Q2-2019Q4.
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Figure 8: Term structure of equity yields and credit spreads — Data

The figure illustrates the term structure of equity yields (top panels) and credit spreads (bottom panels).
The left panels report results by real conditions, while the right panels report results by nominal conditions.
Expansions (E) and recessions (R) are determined by NBER-dated recessions. Low (L) and high (H) expected
inflation states are determined by the bottom and top quartile of expected inflation; the moderate (M) state
Expected inflation is from the Survey of Professional Forecasters from the
Federal Reserve Bank of Philadelphia. Equity yields data are from Giglio et al. (2021). Credit spreads data are

spans the interquartile range.

described in Appendix D. The sample period is 1974Q3-2019Q4.
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APPENDIX

A Calibration

This Appendix provides details on the calibration of the model. We distinguish between two distinct
cases: with and without correlated real-nominal conditions.

We calibrate the model to the U.S. economy over the period 1970Q2-2019Q4.3* The real states
(R & E) are characterized by the conditional moments of quarterly real per capita consumption
expenditures and real earnings growth.3?

We obtain data on real per capita personal consumption expenditures and the corresponding price
index from the Federal Reserve Bank of St. Louis (FRED). Nominal earnings for S&P 500 constituents,
obtained from Robert J. Shiller’s website, are deflated using the aforementioned price index.?¢ NBER
based recession indicators, also obtained from FRED, are used to determine (i) the long-run probability
of being in recession / expansion and (ii) the moments of real consumption and earnings within those
real regimes.

Regarding the nominal regimes (L, M & H), we use the quarterly mean of the one-year-ahead
inflation forecasts from the Survey of Professional Forecasters, as reported by the Federal Reserve Bank
of Philadelphia. Moments of inflation in the low (L) expected inflation regime are obtained from the
lowest quartile in the data. Expected inflation in the moderate (M) regime is set to the unconditional
mean. We then determine the high (H) expected inflation level such that the unconditional expected
inflation in the calibration matches that in the data. Owur calibration imposes a symmetry in the
unconditional probabilities of being in the low (L) or high (H) expected-inflation regimes by setting
them both to 25%. This choice ensures that any asymmetry in the response of asset prices to expected
inflation is not driven by the calibration.

In the full model, expected inflation is non-neutral. With a correlation between real and nominal
conditions, investors demand an inflation risk premium that impacts equity valuation. In the core
of our analysis, we intentionally consider a restricted version of the model in which inflation risk is
absent from the stochastic discount factor, such that the inflation risk premium does not drive any
of our predictions. In this benchmark case, no inflation risk premium exists, because (i) expected
consumption growth and expected inflation change independently (due to the way the Markov chain
governing the state of the economy s; is specified) and (ii) shocks to consumption growth and expected

inflation are uncorrelated, i.e. Covg (%, Z—ﬁ) = pcpiocopidt = 0, because popdt = Ey[dZpdZ;) =

34The availability of the data on expected inflation determines our start date.

35Following Bhamra et al. (2010a,b), we account for an additional 22.58% of firm-specific volatility. The total cash-flow
volatility is thus approximately 26% for our benchmark firm, which is the average volatility of firms with outstanding
rated corporate debt.

36Real earning shocks are winsorized at the 1™* and 99 percentiles.
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0. We thus analyze how higher expected inflation can negatively affect equity prices although inflation
risk remains unpriced. In this baseline calibration, the 2 x 2 real transition matrix and the 3 x 3
nominal transition matrix are obtained separately, and are interacted to obtain the 6 x 6 chain for the
model.

We relax the assumption of uncorrelated real and nominal conditions in Section 5.7 and adjust the
calibration accordingly. There are two ways to account for a correlation between real and nominal
variables within our model: (i) allowing for a non-zero shock correlation, whereby shocks to consump-
tion growth and shocks to inflation exhibit an instantaneous correlation pcps, that varies with the
current state of the economy, s;; (ii) allowing for regime correlation by relaxing the assumption that the
real and nominal Markov chains are independent, thereby introducing a correlation between expected
consumption growth and ezpected inflation.

In the case of non-zero shock correlation, we obtain the state-dependent values of pcps, from the
estimation of the Markov-regime switching model. We find that the correlation between shocks to
inflation and consumption growth pcps, is -26.9% in RL, -61% in RM, 6.1% in RH, 63.4% in EL,
4.9% in EM, and -28.8% in EH.

In the case of regime correlation, we consider various calibrations that generate different uncondi-
tional levels of inflation risk premium, computed as the difference between the equity risk premium
of the full model and the equity risk premium in the model with independent regimes. In each case,
we directly estimate the 6 x 6 transition matrix, effectively adding 7 degrees of freedom to the esti-
mation.?” Importantly, none of these calibrations leads to a statistically significantly better fit to the
macro data than the case of independent regimes. A log-likelihood ratio test of the nested setup —
with independent regimes — against an estimation allowing for regime correlation yields a p-value of
at least 98.4% across the different calibrations. While it is hard to distinguish econometrically be-
tween these alternative specifications based on macro data, the asset pricing implications across them
are very different. We find that only a specification with low unconditional correlation between real
and nominal regimes can generate the relations between equity valuation, credit risk, and expected
inflation that we observe in the data.

The remaining parameters of the model are as follows. The sensitivity of nominal cash-flow growth
to expected inflation is set to ¢ = 0.407, using the empirical estimate reported in Table 1. The
corporate tax rate is set to n = 15%. Following Chen (2010) and Bhamra et al. (2010a,b), we consider
a state-dependent liquidation value in default, with o = 20%, ay = 35%, and ay = 50%. We

normalize the initial value of the cash flow to Xy = 1. Preferences involve a risk aversion of v = 10,

3TTechnically, a free 6 x 6 intensity matrix has 25 parameters, one of which is constrained by the unconditional inflation
risk premium target. In an unrestricted estimation, we find that 11 of these parameters are virtually 0. We thus rerun the
estimation with 13 free parameters. Under the independence assumption, we interact (i) a nested real intensity matrix
with 2 free parameters and (ii) a nested nominal matrix with 4 free parameters after setting the insignificant ones to 0.
Thus, under the independence assumption, we have 6 free parameters.
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an elasticity of intertemporal substitution (EIS) of ¢ = 2, and a subjective time discount rate of

£ = 0.035 per annum. Table 2 summarizes the model calibration.

B Inflation Risk Premium

The core results of the paper are based on a calibration that intentionally abstracts from a correlation
between real and nominal variables. Our aim is to provide an explanation of the negative relation
between equity valuation and expected inflation without relying on an inflation risk premium, thereby
complementing existing work (e.g., Eraker et al. (2015)).

In this Appendix, we account for a time-varying, non-zero correlation and investigate how the
resulting inflation risk premium affects the results. Appendix A describes how we can do so by
allowing for either a shock correlation or a regime correlation. We here discuss the results from both

approaches.

B.1 Shock correlation

We first introduce a time-varying correlation between shocks to inflation and consumption growth.
We obtain the state-dependent values of pcps, from the estimation of the Markov-regime switching
model. We find that pcps, ranges between -0.61 in state RM and 0.63 in state EL, thereby generating
substantial time-variation in the correlation between consumption growth and inflation. Specifically,
the correlation is -24.2% when expected inflation is high (H), -3.7% when expected inflation is moderate
(M), and 51.6% when expected inflation is low (L).3®

Figure B.1 shows that the relations between expected inflation and the main output of the model
remain very close to the baseline calibration (with pcps, = 0). This analysis shows that accounting
for a correlation between shocks to inflation and consumption growth has no impact on our model
predictions, because the resulting inflation risk premium is small in all states, even when the correlation

pcp,s, becomes sizable.
Figure B.1 [about here]

To see that, Panel B of Table 4 presents the predictions on the equity risk premium in the case of
a shock correlation, pcp,s,. The equity risk premium becomes weakly decreasing in expected inflation.
To understand how the inflation risk premium varies with expected inflation, recall that the corre-
lation is positive in state L (51.6%) and negative in state H (-24.2%), consistent with the evidence

that the sign switched from negative before 2000 to positive since the early 2000s (Boons et al., 2020).

3%In line with Bilal (2017), Boons et al. (2020), or Campbell et al. (2020), we find that the correlation between
consumption growth and inflation has turned from negative in the 1970-80s (mostly characterized by the H regime) to
positive in recent years, which have been characterized by a period of low expected inflation (L regime).
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While an inflation shock in state H is typically viewed as bad news (inflation correlates negatively
with consumption), the negative correlation also reduces the systematic risk exposure of shareholders.
Effectively, nominal cash flows become less correlated with consumption in state H than in state L,
thereby reducing the levered equity risk premium. Observe that this effect is small, however, because
the term pyopiocippc,i in (39) is quantitatively negligible, given that the product of inflation volatil-
ity (opt) and consumption growth volatility (oc;) is economically small. As a result, the inflation
risk premium and thus the equity risk premium decrease, but modestly, with expected inflation.

In summary, accounting for a shock correlation in the model does not materially impact the re-
lationships between price-dividend ratios, credit spreads and expected inflation. The reason is that
the covariance between shocks to consumption growth and inflation is economically modest, although

strongly time-varying.

B.2 Regime correlation

We then allow for a regime correlation. The conditional moments of aggregate consumption growth in-
flation now evolve jointly, i.e., the real dynamics and inflation dynamics are not independent. Changes
in expected inflation can then be correlated with shocks to the real SDF. The log likelihood function
in our estimation does not change appreciably as the dependence between real and nominal regimes
varies, so we can explore different calibrations. In each scenario, we compute the inflation risk pre-
mium as the difference between the equity risk premium of the full model and the equity risk premium
of the nested model with independent regimes.

Figure B.2 shows how the inflation risk premium affects the relationship between the output
variables and expected inflation. Our results regarding the negative impact of expected inflation
on both equity valuation and credit risk continue to hold with regime correlation, as long as the
unconditional inflation risk premium is small — around 0.25% per annum.

We can see, however, that for an unconditional inflation risk premium of 0.5% or above, the
relationship between equity values and expected inflation is no longer convex and loses its monotonicity.
The relationship between credit spreads and expected inflation retains its convexity, but loses its
monotonicity. Based on our model, the negative relation between expected inflation and both equity
valuation and credit risk implies that: (i) there is an upper bound on the unconditional inflation risk
premium of around 0.25% per annum, and (ii) any significant inflation risk premium beyond this must
be time varying, lending further support to the findings in Boons et al. (2020) and Campbell et al.
(2020), among others. Their empirical evidence suggests that, over the last 50 years, the inflation risk

premium has switched sign and is unconditionally close to zero.

Figure B.2 [about here]
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Panel C of Table 4 considers different levels of the unconditional inflation risk premium, arising
from different correlation structures between real and nominal states. The equity risk premium is now
clearly higher in state L than in state H. The model can generate substantial conditional inflation risk
premiums via correlated regimes; this is a direct consequence of the impact of a regime switch being

persistent and, thus, having a much greater impact on the pricing kernel that transitory shocks.

Overall, we find that the equity risk premium tends to decrease with expected inflation in these
two cases: (i) with correlated inflation-consumption shocks and (ii) with correlated real and nominal
states. Hence, introducing an inflation risk premium cannot rationalize the negative relation between

equity valuation and expected inflation observed in the data.

C Term Structure Analysis: Monte Carlo Simulation

This Appendix describes the Monte Carlo simulation we use to construct the term structures of equity
yields, credit spreads, and nominal bond yields. Our model allows for closed-form solution for most
perpetual claims (e.g., debt, equity), but several finite-maturity claims cannot be obtained in closed
form, and so, we use the following simulation procedure.

For each of our 6 regimes, we simulate 20,000 paths, over 200 quarters, of the Markov chain
and Brownian motions for the consumption C; and price index P, that characterize the evolution
of the economy, starting in a given regime. For each of these paths, we consider a firm starting
with the optimal corporate policies presented in Table 3, but experiencing 10,000 different streams of
idiosyncratic cash flow shocks.?”

The firm defaults when its cash flow X; crosses the default boundary Xp ; corresponding to the
ongoing regime j in a given time period; a defaulted firm ceases to generate any cash flow.

In total, the simulation involves 240 billion (6 x 200 x 20,000 x 10,000) different realizations of
cash flows and, thus, asset prices, which we use to generate the term structure of nominal equity yields
and the term structure of nominal corporate credit spreads. We discuss our results in Section 5.8.

We also explore the term structure of nominal risk-free bond yields in Figure C.1. The nominal
bond yield increases with expected inflation. The difference between states is especially strong in the
short end of the term structure and decreases with the bond maturity. The resulting upward-sloping
term structure in state L and downward-sloping term structure in state H reflects the transitory nature

of expected inflation implied by our calibration.

Figure C.1 [about here]

39The expectations we compute depend both on trajectories of the pricing kernel and on the cash flow stream associated
with realizations of the pricing kernel. It is thus important to simulate a large number of both paths. The chosen
methodology allows for straightforward parallelization of the simulation procedure.
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D Data Description

This Appendix describes the data used in our empirical analysis, presented in Section 6.

D.1 Valuation ratios

Market-to-book ratio (M B) is computed as M E/BE. Book equity (BE) is shareholders’ equity
(SEQQ + CEQQ + PSTKQ or ATQ - LTQ), plus balance sheet deferred taxes and investment
tax credit (T X DITCQ) if available, minus the book value of preferred stock (PSTKQ) as in Weber
(2018). Market capitalization (M E) is the product of quarter-end price (PRC') and share outstanding
(Shrout).

The price-dividend ratio is computed as the share price divided by the sum of dividend payments
over the last 12 months. We construct dividend payments using cum-dividend return and ex-dividend

returns, as in Beeler and Campbell (2012).

D.2 Default risk

We follow Campbell, Hilscher, and Szilagyi (2008) to calculate financial distress risk (F'R) as the
logit transformed bankruptcy probability, while excluding leverage in the measurement. F'R is then

calculated as

FR=-9.16—-20.26 « NIMTAVG — 713+« EXRETAVG + 141« SIGM A

—0.045 %« RSIZE — 213« CASHMTA +0.075 %« M B — 0.058 *x PRICE,

where
3 1— ¢3 )
NIMTAVG,; = Z e (3 VNITM Ay_s;)
i=0
Uy
EXRETAVG: =) 1 53(¢'" EXRET, )
i=0

NIMTA and EX RET are net income over total assets (NIQ/ATQ) and the log of gross excess returns
over the value-weighted S&P500 returns, respectively. SIGM A is the square root of the annualized
sum of squared stock returns over a 3-month period. RSIZFE is the log of firm’s market equity over
the total valuation of all firms in the S&P500. CASHMT A is cash and short-term investments over
total assets (CHEQ/ATQ). MB is the market-to-book value of equity. PRICE is the log of price
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per share. The associated 1-quarter bankruptcy probability for firm ¢ at time ¢ is then

1
14 erp(—FRi1)

P (Y =1)

D.3 Leverage, investment and profitability

Market leverage is the sum of long term debt and debt in current liabilities over the sum of of debt and
market capitalization ((DLCQ + DLTTQ)/(DLCQ + DLTTQ + ME)) as in Freyberger, Neuhierl,
and Weber (2017).

Investment and profitability are calculated following Fama and French (2015) as revenues minus
cost of goods sold, minus selling, general, and administrative expenses, minus interest expense all
divided by book equity (IBQ — COGSQ — XSGAQ — XINTQ)/BE and the percentage change in

total asset.

D.4 Credit spreads

For our term structure analysis of credit spreads, we exploit a comprehensive dataset combining
corporate bond data from four distinct sources: i) the Lehman Brothers Fixed Income Database, which
covers the period 1973-1998; ii) the cleaned Enhanced TRACE data provided by WRDS, spanning the
period 2002-2019; iii) the Mergent FISD/NAIC data, which comprises transaction level data for all
trades in publicly traded bonds issued by life, property, and casualty insurance companies and health
maintenance companies (HMOs) over the period 1994-2016; and finally iv) the Datastream database
covering the period 1990-2019. We follow Chordia et al. (2017) to deal with overlapping observations

and prioritize the different sources using the order above. We filter bonds using the following rules:

e Bond Type: We only include corporate bonds which are classified as US Corporate Debentures
(‘CDEB’), US Corporate MTN (‘CMTN’) or US Corporate MTN Zero (‘CMTZ’).

e Public Firm: We exclude bonds that are not listed, or traded in the US public market, this
includes bonds issued via private placement, bonds issued under the 144A rule and bond issuers

not in the jurisdiction of the United States.

e Bond Coupon: We exclude bonds with a variable coupon (‘V’), i.e we only include bonds with

a fixed (‘F’) or zero coupon (‘Z’).
e Convertible: We exclude all convertible bonds.

o Asset-Backed: We exclude all asset-backed bonds.
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e Yankee Bonds: We exclude all Yankee bonds (a debt obligation issued by a foreign entity, such
as a government or company, which is traded in the United States and denominated in U.S.
dollars).

e Foreign Currency: We only include U.S. denominated bonds
e Embedded options: We exclude putable bonds but include callable bonds.

e Security Level: We exclude all junior bonds, this includes ‘Junior’, ‘Junior Subordinate’ and

‘Subordinate’ bonds.

e Rating: We exclude bonds which are ‘Unrated’.

We then apply these additional filters: i) We remove observations if a corporate bonds monthly
price is less than $1 or above $1000 and if the bonds time to maturity is less than 12 months, as in
Bai, Bali, and Wen (2019); ii) To address the issue of stale prices, we follow Chordia et al. (2017)
and exclude prices that do not change for more than 3 months. The final sample comprises 20,068
corporate bonds issued by 2,123 firms. We focus on the period 1974Q3-2019Q4 to match the equity
yield sample.

We compute the average credit spread of each firm’s outstanding bonds over a given quarter.
We then construct a quarterly value-weighted average credit spread by maturity bucket. The credit
spread of an individual bond is computed as the difference between the yield of the bond and the
associated yield of the Treasury curve at the same maturity. We use the Benchmark Treasury rates
from Datastream for maturities of 3, 5, 7, 10, and 30 years, and then use a linear interpolation scheme
to estimate the entire yield curve, following Duffee (1998) and Collin-Dufresne, Goldstein, and Martin
(2001) among others.
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Figure B.1: Expected inflation and asset prices — Correlated consumption and inflation shocks

The figure illustrates the impact of expected inflation on asset valuation in the case of conditional correlations
between consumption and inflation shocks (shock correlation). Predictions are reported for equity value (Panel
A), credit spread (Panel B), debt value (Panel C), and market leverage (Panel D). Each panel reports the
predictions for different nominal conditions: low, moderate, and high expected inflation. Predictions for the
baseline model with sticky cash flows (¢ = 0.407) are compared to the predictions of a model without sticky
cash flows (p = 1). All values are normalized to unity in the moderate expected inflation state. Panel B
truncates extreme values for improved visibility. Firms have endogenous corporate policies. The parameter
values of the model are reported in Table 2 and discussed in Section 5.1.
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Figure B.2: Expected inflation and asset prices — Correlated real and nominal regimes

The figure illustrates the impact of expected inflation on asset valuation when real and nominal regimes are
correlated (regime correlation). The results compare calibrations for different regime correlations generating
different levels of inflation risk premium (IRP). The solid blue line captures the baseline case of independent
real and nominal regimes (also reported in Figure 3), while the grey lines reflect unconditional levels of inflation
risk premium ranging between 25 and 125 bps. Predictions are reported for equity value (Panel A), credit
spread (Panel B), debt value (Panel C), and market leverage (Panel D). Each panel reports the predictions for
different nominal conditions: low, moderate, and high expected inflation. All values are normalized to unity in
the moderate expected inflation state. Panel B truncates extreme values for improved visibility. All firms have
endogenous corporate policies. The parameter values of the model are reported in Table 2 and discussed in

Section 6.1.
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Figure C.1: Term structure of risk-free nominal yield

The figure illustrates the term structure of the risk-free nominal yield. The left panel report predictions by real
conditions, while the right panel report predictions by nominal conditions. The parameter values of the model
are reported in Table 2 and discussed in Section 5.1.

(A) Risk-free yield by real state (B) Risk-free yield by nominal state
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ONLINE APPENDIX



OA.A Simple Model

Under the physical probability measure PP, real cashflow growth is given by

dYs
kel py dt + oy dWy,
Yy
where W is a standard Brownian motion under P. The date t nominal cashflow is given by X: = XQPf7 and so nominal cashflow
growth is given by
dX
— = (ny +@pp)dt + oy dWs.
Xt
The real SDF is given by

d
M _rdt — ©dZy,

Tt

where Z is a standard Brownian motion under P such that dZ;dW; = pdt. In this section, there is no risk premium associated with
sudden shifts in the state of the economy. In contrast with the main model, we therefore assume p > 0 to ensure that the risk
premium is not zero. Consequently, conditional on date ¢ information, the risk-neutral probability of event A occuring at date T is

given by

M-
E21,] = B, [Vfu] ,

where M is an exponential martingale under P, defined by

dMy

2 - _edZy, My = 1.
Mz t 0

The exogenous price index is given by

t
Pt :P()EMP s

where pp is the constant inflation rate.

The nominal SDF is given by Ty = 7t/ P, and so

dr} $
— =T dt — ©dZy,
Tt
where
S =r4 up-

The price-index is not stochastic, so there is no inflation risk premium. We can therefore price risk under the risk-neutral
measure Q with no additional adjustment for an inflation risk premium. If there were a risk premium, we would have to define a
different probability measure in order to discount nominal cashflows with the nominal interest rate. Using Girsanov’s Theorem, we
obtain the evolution of X under Q:

dX —~
Tt = (ux + ppp)dt + aXth@.
¢

where W is a standard Brownian motion under the risk-neutral measure Q and ﬁX = pux — pox© is the risk-neutral expected

nominal cash flow growth rate and ox = oy .
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The date-t nominal after-tax abandonment value of the firm is given by

$ $ a8 X Q - 8 (u—t) Xu
A} =A°(Xy) =1 —n)XiE; <% | = (1 —n)XeEy e —du]|,
¢ T Xt t Xt

where 7 is the tax rate, which we set to zero in Section 2.

The date-t nominal price of the corporate bond is given by

Bf =cE; / —;du
t Ty

=cE; [/ e~ (u=t) gy,
t

where « is the recovery rate which we set to zero in Section 2. Simplifying the expression for the corporate bond price, we obtain

+ aEy

73
—2 A% (Xrp )du
Tt

+ aEy |:6_T$(TD_t)A$(XTD)du:| )

BS = cBY { / e @Dy — DD EQ / e D) gy | 4 aB® [e*T$<7D’t)A$(XTD)du]
t ™D
= cE? |:/ e =t gy e_""$(TD_t)E9D / e (w=TD) gy + oinsQ [e_r$(TD_t)} A%(Xp)
t ™D

%EP |:1 _ e—r$('rD—t)j| + O‘EP I:e—r$('rD—t)j| A$(XD)
T

since 7p = inf;>0{X: < Xp}. Therefore

Cc
B} = (1—dp ) +aA*(Xpa, ,,

where
i = 58 [ert o]
is the date-t price of the Arrow-Debreu default claim, which pays off 1 unit of the numeraire (1 dollar) at the time of default 7p.
From the principle of no arbitrage, the price of the Arrow-Debreu default claim, q%(az)7 (where z = In X)) satisfies
EQ[dg},(z) — g (x)rPdt] = 0.
Applying Ito’s Lemma gives the ordinary differential equation

1 7 ~ 1 ’
50%% (=) + (w +opp — 501%) a$ ' (z) —8qp(z) = 0.

The general solution of the above ordinary differential equation is given by q% (z) = k—e®="* + kye®+®, where a— and a4 are the

roots of the following quadratic in a
1 ~ 1
50%(12 + (,LLY + pup — 50%) a—r®=0.

It follows that

a4+ — p)

o~ ~ 2
_uy+wp—%o%i (uy+<pup—§0§/> L rtee
g
Y



8 so a_ and a4 are of opposite sign if r8 > 0. We can also see that ay > 0 if r8 > 0. Therefore,

We know that a_ay = —r
a_ < 0if r® > 0. From the no-bubble condition limz 0 |¢p(2)| < 0o, we see that ¢4y = 0 and so q%(x) = k_e®=*. The boundary

condition ¢p(zp) = 1 (where zp = In Xp) implies that q% (z) = e~ (*=7D) and so

q%,t — e—a(MP)(If,—ﬂDD)7

where

a(pp) 2 152 7

—~ 10 ~ 1 912
_ By +epr—jo} (#Y+wp—2ffy) r+pp
9y 2%y

2
%y
and of course a(up) > 0, if 7% > 0.

‘We now prove that

Osy
oup

if r8 > 0, where s; is defined in (1). Observe that

dlng} , o ZD)aa(up) ol )G(mt —ap)

Oup Oup P oup

We now show that %’? > 0if ¢ > —1/a(up) (provided ¥ > 0). Observe that

1 ~ 1
EU%G(#P)Q - (#Y +oup — 505) a(pp) —r® =0.
Differentiating with respect to up gives
~ 1 da(np)
oy [a(uP) - (uy +pup — *03)} =1+ pa(pup).
2 Oup
Hence
o [y +eur— 362\ 4 up da(up)
oy 3 t13 5 =1+ pa(pp),
7y 2%y HP

and so % > 0if ¢ > —1/a(up) (provided r® > 0). Hence, holding the distance to default, z; — zp, fixed, the price of the

Arrow-Debreu default claim, q% ;» decreases with expected inflation if r8 > 0. For the credit spread, as defined in (1), observe that

$
T
stfi—rﬁ.

1 _q$b,t

Since 1/(1 — q% ;) decreases with expected inflation, it follows that

2] r$ < or®
oup \1-¢%, Oup
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and hence

85,5
oup

<0

if 78 > 0.

The date-t value of levered equity (in nominal units) after taxes is given by
S;s =(1- n)E‘? |:/ e T (X, — c)du:| .
t

Therefore, we obtain

Rl S
X X X
Sf = (1 — 77) (,XtE'EI |:/ e*'”$("*t)7udu _ 6*”'$(TD*t)7DE9D / 6’r$(uﬂ'D)Udu:|
t .

Xt Xt
™D
_ CEP |:/ 6—r$(u—t)du:|>
t

1 $ Xp 1 c
=1=-X | ————EQ [em 22 _ - _ —1_4
( 77) t (7’$ —Ix TD[ ] Xt 7’$ —hix 7‘$( qD,t)

X —Xpdd,, ¢
_ _ ot _ 3
- (1 77) ( T‘$ — ﬁX T$ (1 qD,t)
Within Section 2, we assume an exogenously fixed default boundary, but with an endogenous default policy, the default time

. . . . .. oS .
7p is chosen to maximize the value of levered equity. The smooth pasting condition TXZ |Xt:XD = 0 determines the default

boundary Xp, i.e.

948
1-Xp E;Z)Dﬂ;t s
Xi=Xp |, C 99p 4 -0

r$ — ﬁx r$ 00X Xe=Xp ’

and so we obtain the optimal default policy
Xp =l +(1—9)up —py _alup)
T+ pp L+a(up)
It follows that, for a fixed nominal coupon, ¢, we have
Ozp _ (1—@)r—(r—py) 1 da(pp)

up  (r+ (1 —@)up —py)(r+pp)  alpp)(l+alup)) Oup

With an endogenous default policy, the distance to default is impacted by inflation. A priori, it is possible that equity holders
will choose to default later when when inflation is higher, that is the distance to default will increase. However, for the calibration

we have chosen, equityholders default earlier when inflation is higher, because the present value of the coupons they have to pay

to bondholders is increased. Even if this were not the case, 8%(“”;) is much larger than w, so any increase in distance to
dln g
. 9p,¢
default would not change the overall sign of o
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OA.B The Economy

First, we introduce some notation related to jumps in the state of the economy. Suppose that during the small time-interval
[t — At,t) the economy is in state ¢ and that at time ¢ the state changes, so that during the next small time interval [¢,¢ + At) the
economy is in state j # i. We then define the left-limit of s at time t as

st— = lim s;_ A,
At—0

and the right-limit as

St = lim St+At-
At—0

Therefore s;— = i, whereas s; = j, so the left- and right limits are not equal. If some function E depends on the current state of
the economy i.e. E; = E(st), then E is a jump process which is right continuous with left limits, i.e. RCLL. If a jump from state
i to j # i occurs at date t, then we abuse notation slightly and denote the left limit of E at time ¢t by E;, where ¢ is the index for
the state. i.e. By = limgyy Bs = E;. Similarly By = limg; Es = E;. We shall use the same notation for all processes that jump,
because of their dependence on the state of the economy.

Using simple algebra we can write the normalized Kreps-Porteus aggregator in the following compact form:

Flew)=8 (@) Tuc/h™ @), (OA.1)
where
1—1
u(@) = xljil,zwo,
P
h(m) _ xl Pt v>0,v#1
Inz, y=1

The representative agent’s value function is given by

o0
Jt == Et / f (Ct, Jt) dt. (OAZ)
t
Proposition OA.1 The SDF of a representative agent with the continuous-time version of Epstein-Zin- Weil preferences is given
by

1 ik

— t 1 1oL

A Po s ¥
= (56 ) v Cy Pc,tefo s vFEL (OA.3)

t 1 )
e=? fo [1+(w71)1n(vs )] dsct,v‘/t_(v_l)’ v=1

When 1 # 1, the price-consumption ratio in state i, pc;, satisfies the nonlinear equation system:

1—v
—1
R 1 Z pc,j/pci) Y -1 .
pcli :Tz’Jr’YU(Q;,i*NC,i* (177) AZ] ( ) ) 4 J e{la»N}’j #Z' (OA4)
’ ) = T—n
J#i
where
_ 1 1 1 2 .
Ti=5+iﬂc,i*§’}/ 1+¥ oci 1 €4{L,..., N} (OA5)
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When ¢ = 1, define V; via

J =In(CV). (OA.6)
Then V; satisfies the nonlinear equation system:
V;/V)t Y —1
,Bani:,uc,ifla%iJrE )\ijMie{l,...,N},j;ﬁi. (OA.7)
2= L—n
VE

OA.C Derivation of the Real SDF

In this section, we derive the state-price density shown in Proposition OA.1.
Proof of Proposition OA.1. Duffie and Skiadas (1994) show that the state-price density for a general normalized aggregator
f is given by

t
oy = oo @I 0 (OA.8)

where fc(+,-) and fu(:,-) are the partial derivatives of f with respect to its first and second arguments, respectively, and J is the

value function given in (OA.2). The Feynman-Kac Theorem implies
f(Ct, Jt*)‘st_:i dt + E: [th‘ St— = Z} =0,1¢€ {1, . ,N}.

Using Ito’s Lemma we rewrite the above equation as

1
0=f(C,Ji)+CJicgi + QCQJi,CCU%,i + Z)\ij (J5 = Ji),
J#i

for i,5 € {1,...,N}, j #i. We guess and verify that J = h(CV), where V; satisfies the nonlinear equation system

((W/%f”—l

>7i7je{17"'7N}7j¢i'
1—7

0=pu (V) +gi - %w%ﬂ. + Z,\ij
J#i

Substituting (OA.1) into (OA.8) and simplifying gives

re = g0 Jy [ (=) (v )] Yo, (-4). (OA.10)

When 1) = 1, the above equation gives the second expression in (OA.3). We rewrite (OA.9) as

1 1 _ 1 (V;/V)' ™7 =1 1 2 . S
J#i
(OA.11)
where 7; is given in (OA.5). Setting i = 1 in (OA.11) gives (OA.7). To derive the first expression in (OA.3) from (OA.10) we

prove that
1

VgL (0A.12)

Vi= (51?0,1')

We proceed by considering the optimization problem for the representative agent. She chooses her optimal consumption, C*, and

risky asset portfolio, ¢, to maximize her expected utility

[e o]
Ji = sup Et/ f(Cy, J¥) dt.
C*,p t
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Observe that J* depends on optimal consumption-portfolio choice, whereas the J defined previously in (OA.6) depends on exogenous
aggregate consumption. The optimization is carried out subject to the dynamic budget constraint, which we now describe. If the
agent consumes at the rate, C*, invests a proportion, ¢, of her remaining financial wealth in risky assets, and puts the remainder

in the locally risk-free asset, then her financial wealth, W, evolves according to the dynamic budget constraint:

dWi cy
= p¢t— (dRpt — re—dt _dt —
Wi pt— (dRp,t — 1t )+ e W,

dt,

where dRp ¢ is the cum-dividend return on the risky asset portfolio over the time interval [t, ¢+ dt). We define N;; ; as the Poisson
process which jumps upward by one whenever the state of the economy switches from i to j # i¢. The compensated version of this
process is the Poisson martingale

N,L-I;’t = Nij,t — Aijt.

Note that C* is the consumption to be chosen by the agent, i.e. it is a control, and at this stage we cannot rule out the possibility
that it jumps with the state of the economy. In contrast, C' is aggregate consumption, and since it is continuous, its left and right
limits are equal, i.e. Cy— = Ct.

The system of Hamilton-Jacobi-Bellman partial differential equations for the agent’s optimization problem is

o 1 (i)

_dt-i-Et[dJ;‘Stf =i=0,:i€{1,...,N}.
C* St—=1

Applying Ito’s Lemma to J;* = J* (W, s¢) allows us to write the above equation as

dR, ) Cy 1 * 1 :
0 = swp FO1 I+ Wil (s (B [ Ttisee =] = ri) ri = 5 ) G WR L g BBy 0 s =]+
Crops ? dt Wi 2 ? dt

+ZAM (77— J7) . ie{l,....N}, j #i.
JF#i

We guess and verify that J* = h (W;F}), where F; satisfies the nonlinear equation system

cx dRps , CrY 1 5 |(dRps)? ,
S O 4 9 O M [

LY
+Z>\¢j ((F]/?),Y 1> ;

J#i

t1e€{l,...,N}, j #1.
From the first order condition with respect to consumption, we obtain the optimal consumption policy
—(p—1 .
c; = BYFTYUTNWL e {1, N},

The market for the consumption good must clear, so W; = P;, C* = C (and thus J = J*). Note that this forces the optimal

consumption policy to be continuous. Hence,

_ g pl—v
poi =B VF Y. (OA.13)

The above equation implies that for ¢ = 1, pc; = 1/8. The equality, J = J*, implies that CV; = WF;. Hence, F; = paliVi. Using
this equation to eliminate F; from (OA.13) gives (OA.12). Substituting (OA.12) into (OA.10) and (OA.11) gives the expression in
(OA.3) for ¢y #1 and (OA.4). m

OA.D The Evolution of the Real SDF

In this section we derive the evolution of the real SDF, as given in (3).
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We start by proving that the real SDF satisfies the stochastic differential equation

d dM
o = —pidt + = , (OA.14)
Tt— St =1 Mt— St =1
where M is a martingale under P such that
dM
i ¢ =-0Fdz, + ©LdN], je{1,... N}, j#1i, (OA.15)
t— S¢_=1
r; is the risk-free rate in state i given by
SR A
_ . N R A I
=T 4 ZA” —1 |« 1) = (wi; -1, (OA.16)
JF#i
where
wij=-2 i jefl,... N}, (OA.17)
Wi
and w2,ws,...,wy are determined by the following system of N — 1 nonlinear algebraic equations:
~—1
i &
_ *% k1 + o= Zk;él Atk | wy, -1
0:“}] ’Y_%_ 51 ,]6{27,N},'(/1§£17 (OAIS)
1-1 o
. P . Wk YTy
ki + ~—1 Zk;ﬁj Ajk (wj V- 1)
1,2
1 pei— 3708, + Ak (wik — 1)
0211'10.)]7_1 ! 12 QC’Z Zk¢2 : : :j€{2:-~~7N}71/):17 (OA19)
He, — 3708, + Zk# Nk (wik — 1)
where
ki =7 + “/Ué,,- — e (OA.20)

Observe that if we define the N X N matrix Q via €;; = w;j, the N x N matrix physical generator matrix for the Markov

chain driving the economy, A, via A;; = A;;, where A\;; = — Zj# Aij, then
1 wo w3 oo WN
w2_1 1 w3 ... 4N
—1 w @2 52
) w2 1 N
Q= 3 w3 w3 (OA.21)
21wy ow
YN Gn ww !
and
- Zﬁﬂ Ay A12 AN
A A21 — j%g)‘lj Ao N
AN AN2 e — Z#N AN
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9? is the market price of risk due to Brownian shocks in state i, given by

08 =00, i€ {1,...,N}, (OA.22)
and @Z is the market price of risk due to Poisson shocks when the economy switches out of state ¢ into state j:
O =wi—1, 4,5 €{l,...,N}, j #i. (OA.23)
We begin the proof by noting that if we define
Tt .. . .
Wij = —— 71)]6{17"')]\[}1‘7#7’7 (OA24)
Tt— sy _=i,sy=j
then (OA.3) implies that
3
N\ T T
PC.j -3 1
wry = (pc,i) o ¥7L (OA.25)
v; —(v=1)
(#) e
Equation (OA.17) follows from the above. We thus see that we need only determine the N — 1 unknowns wa,...,wx.
Using (OA.25) we rewrite (OA.4) and (OA.7) as
1 o .
pbc,i = 1 S—1 , 4, € {177N}1j #’Lv (OA26)
1—1 et
) P . —1/%
kit 521 D M <ng - 1)
where k; is defined in (OA.20) and
1 wij —1 L,
BInVi = pci = 5708+ ) Ny g € (L NG A, (OA.27)
J#i
respectively. Therefore, from (OA.25) and the above two equations it follows that wa,...,wy is the solution of equation system

(OA.18) when ¢ # 1 and (OA.19) when ¢ = 1.

We now derive expressions for the risk-free rate and risk prices. Ito’s Lemma implies that the state-price density evolves

according to

d 1 Om— 1 Om—dCy 1 1 ?mi— (dCy\?
T T —a T - (J)
T m_ Ot T oC; Cy 2 T oC; Cy
Aﬂ't Aﬂ't P
+ Z Ast*’stmi,dt—‘r T stt,,st,tv

StF#St—
where Amy = 7 — m¢—. The definition (OA.24) implies

Aﬂ't

= ws,_,sy — L.
Tt—
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Together with some standard algebra that allows us to rewrite (OA.28) as

dm 1
—— = — | Rspm T VHC,s, - — 57 1+ U%’,st, + Z Asy_ st (1 - “)St—,st) dt —n00,s,_dZs + (""St—yst - 1) stlz_,st,r

StF#St—

Tt —

Comparing the above equation with (OA.14), which is standard in an economy with jumps, gives (OA.22) and (OA.23), in addition

to

1 . L,
T’L:K/'L+'Y.L"C,l757(1+7)U%71+Z)‘2] (liwij)»lmj € {1""7N}7];£’L:
J#i

where
B8 7;_171 .. . .
Bl:l+ 'Y*i)%:l: ¢¢1727J€{17-~~,N}7]751§
v

(OA.29)
Bi+(r-nm(v;Y)],  w=145e{l,...,N},j#i,

~—1
o Fi—(w—i)zj#/\ij 7%?711_/;&71 — [vmei =37 +v02,], v#L i jE{l,... N} j#i;
Ky =
Tit YN (wig = 1) = [ypey — 371+ 02 ,] v=14j€{l,....,N} j#1,
o) Zz/lw
po b T (= 3) Y ) Y A (mwy), YAL €L N £
i, Yp=1,ie{l,...,N}.

Taking the limit of the upper expression in the above equation gives the lower expression, so (OA.16) follows. The total market

price of consumption risk in real state i accounts for both Brownian and Poisson shocks, and is thus given by

0; = (@?)QJrZ)\ij (0F)* i € {1,... N}, j #i.
J#i

Because the Poisson and Brownian shocks in (OA.15) are independent and their respective prices of risk are bounded, M is a

martingale under the actual measure P. Thus, M defines the Radon-Nikodym derivative % via My = Ey [%]. It is a standard

result (see Elliott (1982)) that the risk-neutral switching probabilities per unit time are given by

~ M,
Aij = Aij By |:7Mt—

St7=i,st=J}7J‘7ﬁi‘

The jump component in dr comes purely from dM. Thus, using (OA.24), we can simplify the above expression to obtain (OA.30).
The risk-neutral generator matrix for the Markov chain driving the economy is given by the N x N matrix A, where /A\ij = j\ij

where j\ij dt is the risk-neutral probability of switching from state i to state j over a time interval of length dt, where

Aij = Agjwiz, © # J, (OA.30)
j\i]’ = — Z 5\”
Ji

0OA-10



For the special case, where \;; = pf;, j # 4, fi is the long-run physical probability that the state of the economy is 7, and

P> i ki pf2 o pin
ph P i fi piN
A= . ; ) .
pf1 pf2 —PZ#NfN
Observe that, f = (f1,... ,fn) T is the long-run physical distribution of the state of the economy. The state of the economy

converges to its long-run physical distribution exponentially at the rate p.

OA.D.1 Prices of Risk: Omega Matrices

For convenience, we show the values used for the omega matrix, (OA.21), within our numerical work. We stress that the omega
matrices are endogenous and are stated here for the sake of reference.

In the baseline calibration, given that we assume that real and nominal regimes are independent, we obtain the following omega

matrix:

RL RM RH EL EM EH
RL 1.0000 1.0000 1.0000 0.6959 0.6959 0.6959
RM 1.0000 1.0000 1.0000 0.6959 0.6959 0.6959
RH 1.0000 1.0000 1.0000 0.6959 0.6959 0.6959
EL 1.4369 1.4369 1.4369 1.0000 1.0000 1.0000
EM 1.4369 1.4369 1.4369 1.0000 1.0000 1.0000
EH 1.4369 1.4369 1.4369 1.0000 1.0000 1.0000

When we relax this assumption, the following omega matrix yields a 25bps uncondtional inflation risk premium:

RL RM RH EL EM EH
RL 1.0000 0.9387 0.9419 0.6712 0.6472 0.6643
RM 1.0653 1.0000 1.0034 0.7151 0.6895 0.7077
RH 1.0617 0.9966 1.0000 0.7126 0.6871 0.7053
EL 1.4898 1.3985 1.4033 1.0000 0.9642 0.9897
EM 1.5451 1.4504 1.4553 1.0371 1.0000 1.0264
EH 1.5053 1.4130 1.4178 1.0104 0.9742 1.0000

The following omega matrix yields a 50bps unconditional inflation risk premium:

RL RM RH EL EM EH
RL 1.0000 0.8719 0.8778 0.6458 0.5954 0.6261
RM 1.1469 1.0000 1.0067 0.7407 0.6829 0.7180
RH 1.1392 0.9933 1.0000 0.7357 0.6783 0.7132
EL 1.5484 1.3501 1.3592 1.0000 0.9219 0.9694
EM 1.6795 1.4644 1.4743 1.0847 1.0000 1.0514
EH 1.5973 1.3927 1.4021 1.0316 0.9511 1.0000

The following omega matrix yields a 75bps unconditionalinflation risk premium:

RL RM RH EL EM EH
RL 1.0000 0.8026 0.8106 0.6202 0.5428 0.5835
RM 1.2460 1.0000 1.0100 0.7728 0.6764 0.7270
RH 1.2337 0.9901 1.0000 0.7652 0.6697 0.7198
EL 1.6123 1.2939 1.3068 1.0000 0.8752 0.9407
EM 1.8422 1.4785 1.4932 1.1426 1.0000 1.0748
EH 1.7139 1.3755 1.3892 1.0630 0.9304 1.0000
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The following omega matrix yields a 100bps unconditional inflation risk premium:

RL RM RH EL EM EH
RL 1.0000 0.7393 0.7488 0.5972 0.4959 0.5428
RM 1.3526 1.0000 1.0128 0.8077 0.6708 0.7342
RH 1.3355 0.9873 1.0000 0.7975 0.6623 0.7249
EL 1.6745 1.2380 1.2539 1.0000 0.8304 0.9090
EM 2.0165 1.4908 1.5099 1.2042 1.0000 1.0946
EH 1.8422 1.3620 1.3795 1.1001 0.9136 1.0000

Finally, the following omega matrix yields a 125bps unconditional inflation risk premium:

RL RM RH EL EM EH
RL 1.0000 0.6806 0.6912 0.5757 0.4532 0.5039
RM 1.4692 1.0000 1.0154 0.8459 0.6659 0.7403
RH 1.4469 0.9848 1.0000 0.8330 0.6557 0.7291
EL 1.7369 1.1822 1.2005 1.0000 0.7872 0.8752
EM 2.2064 1.5018 1.5250 1.2703 1.0000 1.1118
EH 1.9845 1.3508 1.3716 1.1426 0.8994 1.0000

OA.E Nominal SDF

We define the nominal SDF 7® by

=5
Now we apply Ito’s Lemma to obtain

dn¥  dmy  dP, dm dP (de,>2

ﬂf Tt P, m Py Py

= —rydt —yoc,;dZ: + Z(wij - 1)dN5,t — ppidt —opdZp s +ppc,iopioc,idt + op ;dt
#i
= —(ri + upi —YPPCiOPi0C,i — U?:,i)dt —0¢,idZt — opdZp; + Z(wi]’ - 1)dN£,t-
J#i

We thus obtain the nominal risk-free rate

$
¢

d$
Tss:Et[Wt

St— = Z:|

2
=T+ WPi = VPPC,iOPi0C,i —Op;-

We define the exponential martingale (wrt to P) M? via

b =100, dZi =P, dZpit Y (Wes — DANE o M§ =1,

StFESp_

We use M% to define the probability measure @$ in the standard way.
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OA.F Sticky Cash Flows

Applying Ito’s Lemma to (4), we obtain

aX
Tt = px,tdt + oydWi + popdZp,,
t

where

1
pnx,t = Myt +o(pupt + pPy,t0y,t0pt) — 599(1 - 80)0120,7:-

We can use the martingale component of 7% to define a new probability measure Q$, under which

$ [dX,
.8 7E(t@ [d t

P, = X } =px,t —voc,t(oypyc,: +wopippc,t) —opi(oyppy,t +¢opy), (OA.31)
t

via Girsanov’s Theorem, where pycytdt = F; [thdZt], pPC’tdt = F; [dZPytdZt], and ppy’tdt = F; [dZP,tth]-

Defining z¢ = In X¢, under Q%, we have

$
doy = S ,dt + 0 dZ2

where
Oxt = \/crfat +2¢0y,t0ptPPY,t + 9020?%, (OA.32)
1
~$ ~$ 2
Bzt =Hx ¢~ EUL,tv
1,
= px,t —v0c,t(ovpyc,t +popippc,t) — opi(0y PPy, + Popt) — 5%t (OA.33)

OA.G Liquidation Value

The abandonment or liquidation value of a firm is just its unlevered value, i.e. the present value of future cashflows, ignoring coupon
payments to debtholders and default risk. Small, but frequent shocks to a firm’s real cashflow growth are modelled by changes in
the standard Brownian motion W;. Small, but frequent shocks to the real SDF are modelled by changes in the standard Brownian
motion Z¢. The assumption that dZ;dW; = 0 means that small, but frequent shocks to cashflow growth are not priced. However,
changes in the expected real cashflow growth rate are driven by the same Markov chain as those driving jumps in the SDF. Hence,
changes in unlevered firm value driven by changes in the expected real cashflow growth rate will be priced.

Suppose the economy is currently in state ¢. Then, the risk-neutral probability of the economy switching into a different state

j # i during a small time interval of length At is /);-j At and the risk-neutral probability of not switching is 1 — Xij At. We can

therefore write the unlevered nominal firm value in state i as

)At

- 'r$7 8 . ~ ~
A8, = (1— XAt +e Tk (1-Xi;A0) A§+inij§ Jije{l,... N}, j#4, (OA.34)

J#i
where N = 6 is the number of states in the economy.

The first term in (OA.34) is the after-tax cash flow received in the next instant and the second term is the discounted

continuation value. The discount rate is just the standard discount rate for a perpetuity. Observe that the volatility of cashflow
growth does not appear in the discount rate, because dZ;dW; = 0. The continuation value is the average of Af , and Af 4> weighted
by the risk-neutral probabilities of being in states ¢ and j # ¢ a small instant At from now. For example, with risk-neutral probability

/A\ij At the economy will be in state j # ¢ and the unlevered nominal firm value will be value will be A?. The continuation value
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is discounted back at a rate reflecting the nominal interest rate rate rf and the expected nominal earnings growth rate over that

instant which is px ; — observe that there is no difference between the physical and risk-neutral nominal earnings growth rates,
because dZydW; = 0.
We take the limit of (OA.34) as At — 0, to obtain

0=(1—m)X = —p§ )T+ Ny (a5 - A%) e {1, N}j#£i.
i

To obtain the solution of the above linear equation system, we define

1 A¥
UA,i i ——)
(I-n) X
the before-tax nominal price-earnings ratio in state i. Therefore
VA1
(diag (T$_M§(,l7"'7r}%_u’§(,N) —A) =1nx1, (OA.35)
VAN
where 1nx1 is a N X 1 vector of ones, diag (rf — ,ui 17 .,r% — ,ui N) is a N x N diagonal matrix, with the quantities rf —
“§< 1o .,r?\, — ui. y along the diagonal and /1{, defined by [K}” = Xij, 3,7 € {1,..., N}, where

~

Aij = wijAij,J # i

Ais = —Zwiinjaj #i
J#i

is the generator matrix of the Markov chain for the combined state of the economy under the risk-neutral measure. Solving (OA.35)

gives (5), if det (diag (Tf - ui 1o 77‘}% — ui N) — ]\\) # 0.
Similarly, we can show that the before-tax value of the claim to the real earnings stream Y, when the current state is i is given

by Pft = p;Y:, where

(p1,--,pn) T = (diag (11 — py1, - =y, ) = A) " exa

Hence, from the basic asset pricing equation

—7rs,_dt

{ dP) + Ydt
L | 4 trat

Y
Pt

dmry dPY

Tt PtY

St— z:| X

we obtain the unlevered risk premium:

—7rs,_dt

{ dPY + Yidt
By | —————
pPY

Sti:| :—Z(/\\ij—/\ij) (%_ )dt,i,je{l,...,N}.

) N K3
J#

Applying Ito’s Lemma,

dPY = pidXe+ Y N (p —pi)dt+ Y (pj —pi) AN, ivj € {1, N},
J#i J#i
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Thus, the volatility of returns on unlevered equity in state ¢ is given by

2
) ) 17]6{177]\[}

OR,i =

OA.H Arrow-Debreu Securities — Default

The Arrow-Debreu default claim denoted by q%’ij is the value of a dollar paid if default occurs in state j and the current state is
i. In a static capital structure model, these are the only Arrow-Debreu claims needed. Given the initial state (in which the firm
selected its capital structure, there are N2 such claims: {q%ﬂ.j }z‘,je{l,.“,N} We assume, without loss of generality, that the regimes
are labelled so that the default boundaries respect a monotonic ordering Xp 1 > ... > Xp n.

We say that a firm’s earnings are in the default region Dy, k = 0,..., N — 1, when they fall in the interval (Xp ry1,Xp i,

assuming that Xp ¢ — oco. Region Dy is (—oo, Xp n].

Proposition OA.2 Let Ay be

A ON—ExN—k —IN—kxN-k
k= —1/x -1
25, (A, —R}) 25 M,y )’
where Opxm € R"X™ denotes a matriz of zeros, Inxn € R"X™ denotes the n-dimensional identity matriz, Ay, Ri, My, and

Sz.x are the N — k by N — k matrices obtained by removing the first k rows and columns of X,

R% = diag(rf7 . ,r}sij), M, = diag(ﬂiyl, . ,ﬂi}N), and Sz = diag(afc’17 . ,aﬁ,N),

with ﬁil = ﬁiﬂ. - %Ug(,i and og; = ox ; the drift and diffusion coefficient of x = log X under Q5.

Given the integration constants h; j(w), the default Arrow-Debreu in region Dy are given by

Region Dg:

N
a3 ;@) = E hij(wo,)e” 01",

=1
where wp;1 > ... > wg N > 0 are the N positive eigenvalues of Ag.

Region Dy, k € {1,...,N — 1}:

0 (@) =815, ie{l,....k},j€{1,...,N},
2(N—k)
0} @ = D hig(w)e™ — (AT Brliok g, i€ {k+1,....N},je{L,..., N}

=1

where wy; are the 2(N — k) eigenvalues of Ay, and

g Ak41.1 DYALE= B s 9lktik
Tk ekt INCR2E!
gAkt21 gAekt22 | glakt2k
B, = ON-kxk ON—kxN—k B? = T k+2 O k+2 T k+2
k= B? 0 ) k ’ ’ ’
& N—kxN—k . .
/\- o~ —~
AN,1 AN,2 ANk
202 - 2027 e 2 52
z,N z,N z,N
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Region Dy :
$ — 5 Vi i
qD,k‘,ij(m) e 1,7
In each default region, for each w, the integration constants hyi1,.(w) = [hpt1,;(W)]j=1,...,.N € RN are identified by the
boundary conditions (Section OA.H.3), and the remaining integration constants

hgy21(w) o hrto n(w)
Hy(w) = : :

hni(w) - hyN(Ww)
are given by
Hp(w) = —G;l(w) Qk+-,1(w) hk_,.l,.(w)
where hte k+1(w) = [9i k41 (@)]i=k+2,...N € RN =k=1x1 comprises the last N — k — 1 elements of the first column of
Gw) =257 (A — R%) — w(255 ' My — winyn).

and Gg(w) is the N —k —1 by N — k — 1 matriz obtained by removing the first k + 1 rows and columns of G(w), i.e.

Gi(w) = [GW)lie{k+2,....N}, je{k+2,..,N}, fork € {0,...,N — 1}
The next two subsections outline the proof of Proposition OA.2.

OA.H.1 Region Dy: X, > Xp,

We start by analyzing the case where earnings at the current date ¢ are above the highest default boundary, i.e. Xy > Xp 1. Hence,
if earnings hit the boundary Xp ; from above for the first time in state j, {q%,ij}i,je{l,...,N} will pay one dollar; otherwise, the
security expires worthless. Starting from (6), we change the probability measure from P to Q3 to obtain

st:i:|.

D s
$ _ Q$ — 7> du
qpie=Ee |e ft s, =y

From the Feynman-Kac Theorem, we hence obtain

$ . .
BE [dd}, ;; —ria}, ;;dt) = 0,45 € {1,...,N}. (OA.36)

Using Ito’s Lemma, the above equation can be rewritten as the following second-order ordinary differential-equation system:4°

15 dQ‘I%U ~5 d‘ﬁjz‘j N $ $ $ 8 -
30w e THei T E :’\ik (4D 1 = dbi) = 780D iy 5 € {1, N,

k#i

where ﬁi ; and o ; are defined in (OA.33) and (OA.32), respectively.

aq®.
4ONote that since the puts are perpetual, [i;i‘t = 0. Hence, qfﬂ is a function of the stochastic process x = log X and

the state of the economy.
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In order to solve this system of ODEs, define

zij = 4qp,ij,4hj€{1l,...,N}
dqpij . .
ZN+i,j ’13727.76{17"'7]\]}’
dx
Then, we obtain the following first order linear system
dz;;
. — ZN+i,j = 0 7‘7J€{177N}9
dx
3 ~ $
dZN 44,5 2py, 2Nk 2r; L
aE\ YA +7;’ZZN_H"]'+Z 21 (ij 7Z¢j) - 721 zij = 0,1,7 E{l,.‘.,N}.
dx oz, o oz
) kti T )
Expressing the above equation system in matrix form gives
Z' + AoZ = Oanx N, (OA.40)

where the ij’th element of the 2N by N matrix, Z, is
[Z]” :Zij,ie {1,.‘.,2N},j c {1,...,N},

and Z' = fl—z.
T

To solve eq. (OA.40), one first finds the eigenvectors and eigenvalues of Ag. Their defining equation is
Aogi = Wi€&;, 1€ {1,...,2]\7}, (OA.41)

where w; is the i’th eigenvalue and e, is the corresponding eigenvector. Note that Ag has N positive and N negative eigenvalues
(Jobert and Rogers (2006)).
It follows from (OA.41) that the eigenvalues of Ag are the roots of its characteristic polynomial; that is, any eigenvalue w is a
solution to the following 2N’th-order polynomial:
det(Ap —wI) =0.

To simplify the above expression for the characteristic polynomial, we then use the following identity from Silvester: If F =

( ?11 ?12 > , where F;; ,i,j € {1,2} are N by N matrices, any two of which commute with each other, then
21 22

det F' = det(F11 Fao — Fi2F»1). (OA.42)
Since

—wl -1
Ag—wl = “
0w < 25, Y (A — R%) 28, 'M, — wI >

and diagonal matrices commute with all other matrices of the same size, any pair of the N submatrices in Ag commute. Therefore,
one can apply (OA.42) and
0 = det(Ag — wl) = det G(w), (OA.43)

where

G(w) = w(wl — 28;'M,) — 28,1 (R® — A). (OA.44)
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Observe that the w’s in the N by N matrix G(w) appear only along the diagonal. When N < 2 the polynomial (OA.43) is of
order 4 or less and can be solved exactly in closed-form. When N > 3, it must be solved numerically. From Jobert and Rogers
(2006), we know that N of the solutions to (OA.43) lie in the left half-plane of the Argand diagram and N lie in the right half-plane.
Once the eigenvalues have been obtained, the eigenvectors are obtained by solving (OA.41). We then define the 2N by 2N matrix

of eigenvectors, E, by stacking the eigenvectors as follows

E= (91""792N)‘
Hence, the ij’th component of E is the i¢’th element of the j’th eigenvector, i.e.
Eij = (¢;):-
Given the E matrix, we can define the 2V by N matrix W via
EW = Z. (OA.45)

We can then rewrite (OA.40) as
EW' + AgEW = Oanx N,
S E Y EW' + AgEW) = W' + E"'A)EW = Oanx N,

S W +DW = 02N x N, (OA.46)

where
D=E'AuE = diag(wi,...,wan).

The first order differential equation system of eq. (OA.46) is similar to that of eq. (OA.40), with the notable difference that D is a
diagonal matrix while Ag is not. Making use of this, we premultiply both sides of eq. (OA.46) by the integrating factor eP®, which
yields

ePTW' 4+ eP*DW = (eP*W)' = 0an -

Integrating the above equation gives

eP*W = K,
where K is a 2N by N matrix of constants of integration. Therefore, the general solution of eq. (OA.46) is
W = etiK,
which, given eq. (OA.45), implies
Z =Ee P?K = e P?EK, (OA.47)

given that D is 2N X 2N and diagonal, and that E is 2N x 2N.
Thus,

2N
q%,ij(x) = Z hij(wy)e™ 1", (OA.48)
=1

where the h;j(w;) are constants of integration that depend on the eigenvalues. Then, to ensure the finiteness of the Arrow-Debreu

prices as x — 0o, focus on the N positive eigenvalues of Ag. That is, we obtain q% i the Arrow-Debreu prices in region Dy, where
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X > XD,15
N
ah,q5(%) = Z hij(wm)e™*0m®, (OA.49)
m=1
where, without loss of generality, wo,1 > ... > wg, v > 0 are the N positive eigenvalues of Ag, or equivalently the N positive roots
of the characteristic polynomial det G(w) =0
Note that, for any eigenvalue w of Ag, the solution q$D’ij = h;j(w)e™*?*, with h;;(w;) = 0,Vw; # w, solves (OA.48). Indeed,

we then have

hi1(w) -+ hin(w)
H (w) . .

Z = [ CwH () :|e"””, where H(w) =

thh(w) h]\]]\.f(w)

and
Z' = —wZ.

Hence, (OA.40) implies that

(—wlanxan + A0)Z = 02y« N,

or, equivalently,

—wINxN —InxN H(w)
A =0 : A.
< 28,1 (A — R 28;'M, —wInyn ) { —wH(w) 2N x N (OA.50)

This particular solution is important since it allows us to express N(N — 1) of the N? integation constants in terms of the first N

ones. Indeed, simplifying (OA.50) gives

—wInyNH (W) + InyxnwH(W) = Onxn,

(28, (A — R®) — w(28; ' M, — wlnyn))H(w) ONx N

where the first equation is trivial. To solve the second equation, we first consider

G(w) (hlj(w)v . -vth(w))T =0Nx1,

where G(w) is defined in (OA.44). We denote the ij’th element of G(w) by g;;(w). Observe that only the diagonal elements of
G(w) depend on w. We know from (OA.43) that det G(w) = 0. Thus, the equations

N
D @i @), i € {1,..., N}
k=1

are linearly dependent. However, the system

N
D gin@hi (@), i € {2,..., N}
k=1

is linearly independent, allowing us to solve for hy;(wo,m), k € {2,..., N} in terms of hij ., for j € {1,..., N}, that is

go2(w) -+ gan(w) o

(th(w):uwth(W))T:_ : : (921, 9n1) " h1j(w).

gn2(w) ... gnN(w)
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where (g21,...,9 Nl)T is independent of w For ease of notation, define

—1

g22(w) -+ gan(w)
0/ N . . T
y(w)__ : (921,79N1)
gn2(W) ... gnn(w)
We see that v°(w) € RNV~ is column vector, i.e.
(W) = @)1, 0 @N-1) T,
and so
T
(hoj(@), .- b)) = @@, (@) v—1) Thij(w)
Therefore,

hij(w) = Uo(w)iflhlj(w), 1€ {2,...,]\[}7 j € {1,...,N}.

Now, recalling that w can take N values, given by the N positive eigenvalues of Ag, define

vy = [wo,m)ljs J € {1, ,N =1}, m€ {1,...,N}.
Therefore
N 0 _ .
80 (. _ Dome Mg meT 0 i =1 OA.53
qD’ij(x) n N 0 0 —wo,mT ’ (OA.53)
Zm:l hlj’mvm’i_le m® ge{2,...,N}
where the superscript 0 is used to clarify that this is the solution for region Dy and
K. = hii(wo.m)
15,m 1;\Wo,m)-
It is helpful to define
HY = H(wo,m)-
We can thus see that h(l)j 11000 h(l)j n are from different matrices H?, e HR, - h(l)j m i the 15'th element of the matrix HY,.
" . $,0 $,0
Writing out the N by N matrix g5 () = [qD,ij (x)]ij, we have
N —wo,m Noopo —wo,m N0 —wo,m
;mzl hll,me wo,m® ;mzl hlZ,me wo,m® ;mzl huv,me wo,m®
0 0 .- 0 0 - 0 0 -
$.0 Z"L:l hll,mvm,le “0,m® ZnL:]_ h’l?,mvm,le “0,m® e Zm:l th,mym,le “0,m®
qp (z) = . . )
N 0 0 - N 0 0 —wo,m N 0 .0 —wo,m
Zm:1 Py Vi, N 1™ €0 Zm:1 Pig mVm, N—1€8” 0™T Zm:l hi N, mVm, n—1€ 0T

Note that (OA.55) contains N2 constants of integration h?j m> J>m € {1,..., N}, which will be identified by the value and

smooth pasting conditions (Section OA.H.3).

OA.H.2 Region Dy.: XD7]€+1 <X < AXVDJC

We now turn to the analysis of Arrow-Debreu securities in region Dy, i.e. when current earnings are above default boundary k£ + 1,
but below default boundary k. Note that the above analysis in default region Dy can be seen as a special case of the analysis below,

with Xp o — oo.
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First, note that q$b i = 055, Vi < k. Indeed, if earnings are currently lower than

Xpr < Xpr—1 < ..., and if the current state is ¢ < k, then the firm is in default and the present value of a dollar when
the firm defaults in state j is 1 if ¢ = j, and 0 otherwise. In particular, this means that, in region Dy, where X < Xp n, we have

3 — 8
ap.ij = Oij-

Applying (OA.36) to the unknown q% ij,i > k, yields the following system of ODEs

dzk41,;
Tdp | NtRtL = 0,
dzpy2,;
| AN+k+2i = 0,
dzn i
—2 —zN; = 0,
8 k >
deNtkt1,; 2Py k1 2Xk41,1
7 +— EN+k+1,5 T — (5lj - Zk+1,j)
€T Ux,k+1 =1 U:c,k+1
N ~ $
2M k41,1 2rp
+ § S (2 = 2kg) - ke = O,
g g
I=k+2 x,k+1 x,k+1
-~ LI
deNirt2,;  2Ha k42 2Ak42,1
+— ENtht2,5 T E S (615 — 2k42,5)
dx or L o
z,k+2 =1 z,k+2
N ~ $
2Ak42,1 2Ty 1o
+ E S (21— hi2,g) — 5 2ki2y = O
O, k+2 O, k+2
I=k+t1,izkt2 Skt z,k+
~$ k ~ N—-1 -~ $
dzaN 2Nx’]\] 2AN 2)\]\{’[ 27"N
L+ N+ E 7 (0 —2nv,5) + E S (g —aNg) — —eeNy = 0,
dz Uz N Ua: N Uz N Uz N
) =1 % I=k+1 % ’
for j ={1,..., N}. Rewriting the above equation system in matrix form, we obtain
Z, + ApZi+ By = Z, + Ak(Zk + A,;lBk) = Z, +ApZ;, =0, (OA.54)

where Zj, = (Zx + A, ' Bi), Zy is the following 2(N — k) by N matrix

Zk+1,1 Zk+1,2 s Zk+1,N
k42,1 k42,2 T Zk42,N
Z;, = ZN,1 ZN,2 T ZN,N
ZN+k+1,1 ZN+Ek4+1,2 " ZN+E+1,N
ZN+4+k+2,1 ZN+k+2,2 *°° ZN+k+2,N
Z2N,1 Z2N,2 T Z2N,N
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Note that the Bj, matrix of constants arises from the &;;’s appearing in the above differential equations:
(i) These appear only in the last N — k equations. Hence, the first N — k rows of the Bj, matrix will comprise of zeros.

(ii) Since the sum in which the §;;’s appear are from 1 to k, d;; will be zero for all I whenever j > k. Hence, the last N — &

columns of the By matrix will comprise of zeros.
Thereafter, the development made, in region Dy, between equations (OA.41) and (OA.47) can be applied to Zk in (OA.54) to

yield

Zy = e PrEL K,

or, equivalently,

Z, = ekazEkKk — A;lBk.

Therefore,
$,k _ ) .
qD,Z](w) 76133716 {177k}7] € {177N}

2(N—k)
a5 @) = Y hig(wm)e™ T — (A Byl g € {k+1,... N}, j € {1,..., N},

m=1
Note that the —k offset on the rows of the 2(N — k) x N matrix A,:lBk simply accounts for the fact the first row of this matrix

corresponds to the (k + 1)th Arrow-Debreu security. Once more, for each eigenvalue w of Ay, the particular solution

het11(w) o hggpn(w)
Z, = ( Hk(w)) >e_“’y —A,:lBk, where Hp(w) = : ,

—wHp (w :
hni(w) -+ hynN(W)

can be used to express the elements in final N — k — 1 rows of Hy, but in terms of hj41,1(w),..., hgy1,n(w) as follows:

(hk+2,j(w),~~,th(w))T = —Gk_l(w) (Grt2,15- -5 9N,1) | hegr5 (W),
where the N —k —1 by N — k — 1 matrix Gy (w) is given by
k+2,k+2W) 0 Gk2,N(W)
Gi(w) = : ) :
gNk+2(W) o gn,N(w)
For ease of notation, we define
WP w) = _Glsl(w)(gk—k—Q,lv---79N,1)T
We see that v*(w) € RV=#~1 is a column vector, i.e.
oF (W) = (WP (@)1, 0P (@) N k1) T
and so
(hrs2,5(@), - (@) T = @)1 0 (@) —ke1) T ().
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Therefore,

hlj(w) = vk(w)ifkflhk‘+l,j7 (XS {k+277N}7 VAS {177N}

This leaves us with N free constants for each of the 2(N — k) eigenvalues, giving 2N (N — k) constants of integration in total for

region Dj. Hence,

51‘]‘,’[6{1,...,’6}

Sk 2(N—k) ; & —wm -1 o
qDyij(x) = 2(N—k) Zm:l hk+1j,me wmT — [Ak Bk]lv]’ i=k+1 < (OA'55)
— _ 1 .
Zm:l hZH j»mvfn,iflcfle wm® — [A; " Bgli—g,j, 1 €{k+2,...,N}
where hllz+1j,m = hgt1j(wk,). Observe that hZJrlj’m is the j’th entry in the first row of HE, = H*(wE)).

In matrix form, we have

I, On— _
$.k kxk N—-kXN—k
dp (m) = ( , > )

$,k $,k
qD,L(x) qD’R(x)

where q%kL (z) is the following N — k by k matrix function

2(N—k) _ —1 2(N—k) , g _ —1
Domer i 1m€ T = (A Bl D1 h2+1 eom€ T = [AL Brlik
2(N—k) 5 k k- -1 2(N—k) 3 k - -1
Sk Zm:l hiiq 1,m%m,1¢ “m® — A} Byl2,1 Zm:l hi 1 k,mYm,1€ “m® —[A;" Bila,k
qD,,L(x) = . . El
2(N—k) ;1 k —WmT -1 2(N—k) ; k k —WmT -1
Zm:1 Pttt mUmNn—k—1€ " —[Ay Brly—ka1 - Zm:l Pt komVm N——1€ ™" = A" BrIN -k k

and q%kR(a:) is the following N — k by N — k matrix function

2(N—k) 1 - -1 2(N=k) 3 k - -1
Zm:l Pt pr1me ™" — [Ay " Bilikt1 Zm:l hy 1 nm€ “m™" — [Ag Bilin
2(N=k) 3k k —WmT -1 2(N=k) 3 k k —Wm T -1
$.k Zm:l PE it k1, m¥mae” ™" — [A} " Bilz,k+1 Emzl hE 1 NmVm,e” ™" — [A} " Bil2,n
qD’R(x) = .
2(N—=k) ;& k —Wm T -1 2(N=k) ; g k —Wm T -1
Zm:1 PE 1 k1, mYm, N—k—1€ ™ —[A " Bilv—kk1 - Zm:l Py NmVm N k=18 O —[Ay " BrlN—k,N

I« is the k by k identity matrix and On_rx N_k is the N — k by N — k matrix of zeros.

OA.H.3 Boundary conditions for Arrow-Debreu default claims

Given the above development, we are left with N2 free integration constants in region Dy, and 2(N — k)N free constants in region

Dy, k € {1,...,N — 1}. Hence, we still have to solve for the N3 constants,

N—-1 N-1
N2+ AN -k)N=N?+42N Y (N-k) =N,
k=1 k=1

that satisfy the N3 boundary conditions (value matching & smooth pasting) of the problem at hand. For each default boundary
Xp,k,k €{1,...,N}, we have that:
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(VM) The value of the N + (N — k)N Arrow-Debreu securities with 4 > k, must be the same on both sides of the default boundary,
ie.
95" wpk) = ¢ (k). where i€ {k,...,N},j€{l,...,N};

(SP) The first derivatives of the (N — k)N Arrow-Debreu securities with ¢ > k, must be the same on both side of each default

boundary, i.e.

$,k—1 $,k
dq;; dq;;
% = d” , where ,i € {k+1,...,N},j€{l,...,N};
X X
D,k TD .k

where the k superscript in ¢* notation highlights that the Arrow-Debreu claim is computed in the region Dj,.

We can write the N? boundary conditions in vector-matrix form as

TN?N =Xy
The N3 by N2 sparse matrix Ty is defined by
Ina My,
Ly2 —Mpyo2
Lys —Mngs
Ty = . . )
Lyn-1 *@N,N—l
Ly~

where the unspecified entries are matrices of zeros and
LN,k: = dlag (LN,k:’ ey LN,k)7
—_——
N repetitions

My, = diag (Mg, - -, My i),
S~——_————

N repetitions

where
e~ w0,1%D,1 e~ WO,NTD,1
T T W0 emwo,iwp,r T T T T T T 0 To=wo,NTD1 T T T
v g€ VN 1€
_ 0 —w0,1ZDp,1 0 —WO,NTD,1 1+2(N—-1)xN
Lyi=|_ Uiy 2 %0 o NN 2T | ER .
wo,1Tp 1 0 —Wo,NZTD,1
’Ul’lwoJE UN’IWO,NE ’

—wo0,1Zp,1 —Wo,NZD,1

0 0
V1, N-1%0,1€ VN, N_1WO,N€
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and

k=1 —whd Dk
e~W1 Dk e 2(N—(k-1))"D:
7777777 N N
k—1 —w T k—1 w, . D,k
1 %Dk 2(N=(k=1))"D>
Y € Vo(N—(k—1)),1¢
Ly, — ol ot tap i Pl e*ws(}}_(k_mzb,k € RIL+A2(N—k)]x2[N—(k-1)]
Nk = 1,N—k 2(N—(k—1)),N—k ’
,,,,,,,,,,,,,,,,,,,, el Gt ) e
k=1, k—1_—w’ 1z k—1 k—1 —w D,k
1 TDk 2(N=(k=1))"P>
Vi Wy € Vo(N=(k—1)),1%2(N—(k—1))®
1 k=1 —whFlzp k-1 k—1 *“zk&vl (k—1)) "Dk
1 - ) — — 5
Ui N_k%1 € Vo(N—(k—1)),N—k¥2(N—(k—1))€

and
_ N-1 _N-1
LN,N = ( e ¥ TD,N e Y2 TD,N ) s
and
0 0
,,,,,,,,,,,,,,,,,,,,,, o m——m—m———— -
e_“’]wa k e “2(N—-k)TDk
k - x
k WiTD K 2(N—k)TD,k
vrae ! Vy(N_g)1€ SR
ol e—wieDk vk e*“’:f(N—k)va’f [142(N—k)]x2(N—k)
Mygp=|__"LN-k=1® 70 o Pa(Nok)N-k1® T €R )
k
k,—wizp k WoN—k)TD.k
wre Wa( Nk ©
k
ko—wiTp K k Yo(N—k)TD,k
vrawie Uo(N—k),1%2(N—k)€

: k
vi kaﬂw’fe_“’szJc TY2N g Dk

ke{l,...,N—1}.

Observe that

0 0
M 7wivilzD N—1 —wy TD,N—1 R3><2
NN-1=| e 1 =7 e 2 P )&
w{vfle*wlxD N-1 u.;é\f*lef“’2 #D,N-1

The N3-dimensional column vector d)N contains the N3 constants of integration as follows:

Gy = (01 By by By, BT BNRDT € RV
where
ﬁ?j = (h?j,lv ce 7h?j,N)T
hiy, = (h£+1,j,17"'7h£+1,j,2(N—k))T’ ke{l,...,N -1}
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The N3-dimensional column vector Xy is given by

Xy = (X(Nfl)Tf'“’X(N)N)T)T’

where
XN k) = (O (N )T x (N ) T 0y v
and
X, (N, k) = (X1 (N K)o XN kst i (N, ED T
where
x15(N, 1) = 615
Xij(N,1) = —[AT'Bi];_1j,i€{2,...,N}, j € {1,...,N},
and
x15 (N, k) = [A L Be1)u; + Ok,
Xij (N, k) = [A " Bio1lij — [Ay ' Bilic1j, i €{2,...,N —k+1}, j € {1,..
and

x1; (N, N) = [AxalBN—l]lj +onj, 5 €{L,...,N}.
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To understand how to implement the above scheme, observe that for N = 3, we have

T, =Xy
where
L31 —Ms;
T5 = L3 —Ms3 2
L33
L31 0s5x3 Os5x3 | —M3;1  Os5x4 O5x4 O5x2 05x2 O5x2
Os5x3 L31 Os5x3 | Osxa —Ms1  Osx4 O5x2 O5x2 O5x2
0 L 0 0 — M. 0 0 0
, ,
O5x3 5x3 3,1 5x4 5x4 3,1 5x2 5x2 5x2
03x3 O03x3 O3x3 L3> 03x4 03x4 —M32  0O3x2 03x2
= X X X X s X X - s X ;
O3x3 O03x3 Osx3 | O3xa L3o 03x4 03x2 M3 O3x2
03x3 03x3 03x3 | O3x4 03x4 L3> 032 O3x2 —Ms3p
O1x3 O01x3 O1x3 01x4 01x4 01x4 L33 O1x2 O1x2
O1x3 Oix3 Oix3 | Oixa 01x4 O1x4 O1x2 L33 O1x2
O1x3 O01x3 O1x3 014 01x4 01x4 O1x2 01x2 L33
and
e~ w0,1TD,1 e—w0,2TD,1 e—w0,3TD,1
0 ,—w0,1TD,1 0 ,—w0,2Zp,1 0 ,—wo0,3Tp,1
Ué,le U% 1€ U%Ie
— —Ww0,1TD,1 —Ww0,2Tp,1 —w0,3TpD,1
L3y = 0”1,2e 0”2,2e 0”3,26 s
_WO,IID,I —Wwo0,2Tp,1 —Ww0,3Tp,1
v1,1%0,1€ V3,1w0,2¢€ V3,1w0,3¢
0 —w0,1ZD,1 0 —w0,2Zp,1 0 —w0,3Tp,1
V1,2w0,1€ V3,2w0,2€ V3,20,3€
0 0 0 0
1 1 1 1
e~ w1%D,1 e~ wW2TD,1 e~ w3TD,1 e~ wiTD,1
1 1 1 1
Mz, = v% e w1t v% L€ “2TD.1 v% je” w31 vi je” a1
w%e‘“%zul w%e‘“’ézDvl w%e_“ézDvl wie_“’izD»l
1 1 1 1
1 1, —wizp.1 1 1l —wyxp 1 1 1l —w3zxp 1 1 l,—wyrp1
vy wie “1ED vy qwae ¥2 vz wze ¥ vy qwge ¥4
1 1 1 1
e~W1ZD,2 e~W2ZD,2 e~W3ZD,2 e~ WiTD,2
1 1 1 1
— 1 —wiTp 2 1 —Ww5Tp 2 1 —w3Tp 2 1 —wuyTp 2
Lo = vl v2a€ 7E Usa€ P Y€
1 1, —wizp 2 1 1l —w3Zp 2 1 1l —w3xp 2 1 l,—wyzp 2
vy wie “1FD vy qwae ¥2 vz wze” “3 vy qwge ¥4
0 0
2 2
]\4-3,2 — e~WiTD,2 e~W2TD,2
wfe_“’%g“Dﬂ w%e_‘”%xf’ﬂ
L3,1 = ( e—wfﬂvD,:s e—wgﬂcD,s )
0 0 0] 0 0 0 1 1 1 1 1 1 2 2 2 2 2 2 T
?3 = (hll,l’ ] h11,3’ h12.17 trt h12,3’ h13,1’ R h13,3’ h21,1’ ] h21,4’ h22,17 R h22,4’ h23,1’ ] h23,4’ h31,1’ h31.27 h32,1’ h32,2’ h33,1’ h33,2)

The 33-dimensional column vector X, is given by
X, = (3,07, x3,2)7,x3,3)7)7,

where

X(37 k) = (K1(37 k)T’ e 7X3(3’ k)T791><3(3_k))T7
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and

Xj(3’ k) = (le(31 k)7 cees X3—k+l,j(3u k))T7

where
x15(3,1) = 615
xij(3,1) = —[A7'B1)i—1,, i €{2,3},5 € {1,...,3},
and
x15(3,k) = [A; " Br_1]1j + 0k;
Xij(3,k) = [A; " Br_1]ij — [A}, 'Bili—1,;, i €{2,...,3 —k+1},j € {1,...,3},
and

x1j(3,3) = [A; " Bal1j + 835, j € {1,...,N}.
We can thus visualize the construction of x, = (x(3,1), x(3,2), x(3, 3)) T as follows:
(x11(3,1),  x21(3,1), x31(3,1)) "

X, 1) —
X('gv 1) — XQ( 1) = (x12(3,1), x22(3,1), x32(3, 1))T
XG0 = (asB1),  xsB1), xsB,1)7

X1(392) - (X11(372)7 X21(372))T
X(?’v 2) - X2(372) - (X12(372)7 X22(372))T >
Xs(’?’vz) - (x13(3,2), X23(372))T

x(3,3) — 52(3,2) - x12(3,3)

which can be written more explicitly as

x,3,1) — (1, ~[A ' Bi)i1, —[AT'B1]21) T
X3 1) = x,(3,1) = (0, —~[ATBili2, ~[AT'B1]22)T
X, (3, 1) = (o, —[A] ' B3, —[A7'B1]J,
Q1><6

x,3.2) = ((A]'Bilu,  [A7'Bilai — [A; ' BoJu) "
x(3,2) = x,(3,2) = ([A]'Biliz+1, [A]'Bi]as —[A;'Bo)i2) " ;
X,(3,2) = ([A7 ' Bi]13, [A7'Bi]2s — [A5 ' Balis) T

Q1><3 I
X1(3,3) — [A; Bg]ll
X(3,3) = x,(3,2) = [A5 ' Bai2

X,(3,3) = [A7'Bolis +1

and so

(1, —[A7'Bi)i1, —[A] ' Bi]21,0,—[A; ' Bili2, —[A] ' Bi]22,0, —[A] ' Bi]u3, —[A] ' Bi]23, 04 , — [Alel]
X3 = [Alel] [A;1B2]11 ’ [A;1B1]12 +1 [AIIBI]QQ - [Angz] 12”7 [Alel] - [AEIBQ]
0,0,0, [Az_lBQ] 1’ [A2_1B2] 127 [A2_1B2] 13T nT

11’

21 23 13’
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where Qg is the 6 X 1 column vector of zeros.

OA.I DModified Arrow-Debreu Default Claims

Arrow-Debreu securities provide the expected value of a $ 1 cash flow conditional on the state of the world in which they occur. In

particular, in region Dy, at time ¢, we have the Arrow-Debreu default claim price

$,k _
9p,ije = Bt

$
™h
—1 _i|st =1
”f {stp J}| ]

$ _[™P ridu .
ZEP |:e ‘ff 1{57D=.7}|st:7’:| .

For cash flows that do not depend on the level of earnings when the firm defaults, X, = e*7D, these Arrow-Debreu securities
yield a straightforward approach to derive the cash flows’ expected values. If a cash flow does depend on X, the Arrow-Debreu
securities may not be as useful.

In a model with no jumps, the earnings always approaches the default boundary from above along a continuous path and default
occurs when X, = Xp; that is, there is no uncertainty with respect to the level of earnings upon default and Arrow-Debreu
securities can readily be used to compute expected cash flows. In our economy, however, “deep defaults” can occur immediately
when the state of the economy jumps from its current state to a worse state.

We order default boundaries such that Xp 1 > ... > Xp n; hence, state N is the best state of the economy, state 1 is
the worst. When the state of the economy jumps toward a better state, the default boundary decreases as growth opportunities
improve; hence, if the firm was not in default, it is even further away from default after the jump. However, if the level of earnings

is XTf € (Xp,j+1,Xp,;] prior to a jump into state j at time 7p, the firm automatically defaults. The level of earnings X, is
D

then only a fraction of the default boundary Xp ;, and the firm will thus be able to honor its obligations to the debtholders, for

instance, only partially.
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‘We thus introduce “modified” Arrow-Debreu securities

$
~3 ™o X7p ) ;
4ap ijt = Ey |: ? D 1STD:J |St = ’L:|

$
X ™ X 3
Eq T$D D lerzj‘Si =1
Xp,j b Xt

$

T2 X

:emt_ﬂ?D,jEt % D 157_ :j‘St:i .
X P

We now change the probability measure from P to @, using the exponential martingale M (with respect to IP), given by

St— = Z:|

—'yo'cﬂ'dzt —(p— l)O'P,idZP,t + O'yﬂ'th + Z(wij — 1)dNiIJD‘,t'

dM; _drdxy) 5 {d(wf)(t)

]\7[t . 7r£$Xt 7r£$Xt

S¢_=1

J#L
Therefore
Esb,ij,t = ePtTIDIG
where
Ktls,_—i = Tf +vpPyc,ioy,ioc,i + YYPPC,i0OP,i0C,i T PPY,i0P,i0Y,i + ‘PU%,Z- — KX,
and

_ G|~ [P kudu .
Gije = B |e e 1sTD=j|5t =
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We have N3 boundary conditions (value matching & smooth pasting) for the modified Arrow-Debreu securities. For each
default boundary Xp .,k € {1,..., N}, we have that:

(VM) The value of the N + (N — k)N modified Arrow-Debreu securities with ¢ > k, must be the same on both sides of the default

boundary, i.e.

ap5@p k) = @ (@p k), where ;i € {k,...,N},j € {1,...,N}

(SP) The first derivatives of the (N — k)N modified Arrow-Debreu securities with ¢ > k, must be the same on both side of each
default boundary, i.e.

dg ! dat; ) 4
p = , where ,i € {k+1,...,N},j€{1,...,N}.
Tp .k Tk

Observe that the above N3 boundary conditions imply the following N3 boundary conditions for Tijt

(VM)
a’gji;(x,j,k) =q5;(xp,k), where ;i € {k,...,N},j € {l,...,N}
(SP)
dgtt dgt.
Y =Y , where ,i € {k+1,...,N},5€{1,...,N};
dzx dx
TD.k TD k

We can therefore evaluate g;; ; in the same way as g;j,¢, but replacing r$ with k and ﬂg ; With

2 2
i (UY,i +2pppy,iop,ioy,i + O—PJ‘)

ZTrp

Technically, the (standard) Arrow-Debreu securities are special cases of their modified counterparts, with = 1. Moreover,

zp,j
when in region Dy, deep defaults are irrelevant, because the economy is already in the worst possible state.

not a direct concern, the firm would survive even to a jump to the worse state, state 1. Hence, the general solution in (OA.49)
holds. However, in region Dy, k > 0, applying (OA.36) to the unknown §p ;;,% > k, accounting for deep defaults, yields the

following system of ODEs

2,7
Taw N+ =0
d o Y
ZN+i,j Ha,i il [ m—mr
7+7ZN+.A+ 7(6' D,J(;l,,z. )
2 i,J E , 2 J i,j
dz Gz,i =1 Gz,i
N o~
2)\,"1 27”1'
+ E 2 (215 = 2i) = = Fi = 0
I=k+1,1#£i ©° z,e

withie {k+1,...,N}and j € {1,..., N}. This can be written equivalently in matrix form as
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where

By = ( ON—kxk ON—kxN—k )7

%
By ON—kxN—k
and
Ak+1,1 z—a Ak+1,2 z—2 Akt1,k _z—x
227'6 D,1 227’6 D,2 - 227’6 D,k
(e o o
k+1 k+1 k+1
~ ~ ~
Akt2,1 z—ax Ak42.2 z—x Akt+2.k r—z
_ 2027,6 D1 20276 D2 ... 2027@ D,k
Bg = k+2 k+2 k+2
~ ~ ~
AN,1 T—x AN,2 T—x )‘N,k T—x
272,6 D1 20726 D,2 20726 D,k
N N N

Now, Ek is not constant with respect to = anymore, but §;€ = Ek Hence, letting Zk = Zy + (A + I)_lgk, we have Z’c =
Z + (A +I)71By,
7y 4+ AwZy = Zjy + (A + 1) "' By + ApZy, + Ap(Ap + 1) "' By,

= 7} + AgZy, + By, = 0. (OA.56)

Once more, the development made between equations (OA.41) and (OA.47) can be applied to 2k in (OA.56) to yield
Zk = eka‘zEkKk,

or, equivalently,

Z = efD’“zEkKk — (A + [)71§k.
Therefore,

_ —xp X . .
fID,ij(x):(sije‘” TpDj :6in7D‘, ’LG{L...,]C},]E{I,...,N},
2

2AN—k)

@ig(@) = Y higl)e ™ = [(Ag+ D" Brlig;, i€ {k+1,..,N}Lje{l,... N}
=1

For 1 <i <k, if the earnings at current time ¢ are X; < Xp ; while the current state is 7, it must be that the state just jumped to

state ¢ at time ¢~ and the firm is now in (deep) default, hence the first equation in the above system.

OA.J Bond Prices

In this proof it is not necessary to distinguish between the state of the economy at dates t— and t. The central part of our proof

consists of proving that

1 =
st = ’L:| =— - Z D43 , (OA.57)

—1
st = 7,:| ) , (OA.58)
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and

s
Ey $D O‘Aip (Xrp)
L

N
— — E $ =8
St’L:| = OtAj (XD,j) qD,ij'
j=1

To prove (OA.57), we note that

Et{/ ;dsst:i:|:E't|:/ —;ds
t T t Tt

and conditioning on the event {sr, = j}, we obtain

$ [o'e] $
71' s

E, [ T$D / $S ds
Ty D

T h

5 3 ds
j=1

T T p

N 8 o s
se=il =3 B |Prse, =jlsi=1) D/ :
TD

StZi:|.

Since consumption is Markovian, so is the state-price density, which implies that

St :i]
o $
sti:|Et|:/ 7;5 ds
D

T
> 8
s
Et |:/ —;ds St = Z:l
t T

l ™
—ZEt |:Pr(sTD =j|st =1)
j=1

$
TD
$
Tt

7T§ o0 7r$
E; |Pr(srp = j|lst =1) $D $S ds
T D Trp

s
= FEi|Pr(sr, =j|st =1) $D
Tt

Therefore

Stp j:| .

™D _§
E; {/ l;;ds
t Ty

st:i:|

sti:|Et|:/ $S ds
™D

Trp

Stp j:| .

$
Conditional on being in state i, the value of a claim which pays one risk-free unit of consumption in perpetuity is E¢ {f ﬂ—gds
T

so the discount rate for this perpetuity, T?}, ;» is given by (OA.58). Consequently, (OA.60) implies

St=’i:|,

$
. . TrT .
™ s . N E: |:Pr(ststD])7r?’? stz]
Et / —;ds St =1 T — E $ .
t T TP,

T .
P,

To obtain (OA.57) from the above expression, we note that

$
$ . o TT
dp.ijt = E |:Pr(STD =jlsr, =1) %

Tt

st = z:| . (OA.61)
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To prove (OA.59), we condition on the event {s,, = j} to obtain

$
iy
AT (Xop)

OLEt
$
i

N
3
Z X T
St:i:| =« A;s (XD,j) on |:)(;D PI‘(STD =s; st:i) TS?
J s

j=1
Using (OA.61) to simplify the above expression we obtain (7).

OA.K Equity Risk Premium

Applying Ito’s Lemma to Sz$,t gives

$ $ 2 o$ N 3 $
dS7e+ (X —oJdt x, 957, X, 1 X7 9757, (dXz)2 3 Sia_Sie gy Kz adt {1,...,N}
$ ~ g% X, 99, 2\ x, Ty Ut T Ty 0 yrr it
S S 0Xy Xi 2 Si¢ 0X; X oy S5 S
Observe that
GEH 1 N s . 9ar s
Jt D,ij,t qD,ijt C
= () = S (A3 ) R (1 g TR
00Xt o J 00Xt 0Xt r¥ .
K j=1 P,j
8ZS$ N ( 82q$ . 82 .
it $ D,ij,t qD,ijt C ..
= - A(XD«J)i_(l_n)ii 727]6{17"'7N}'
0X? ; J 0X? oxy %
Define the date-t conditional nominal expected return
$
1 dSS T (Xt — C)dt
$ t—> N
“R,i,t:*Et 3 st— =1i|,1€{1,...,N}.
dt s34
The basic asset pricing equation is
$ $ 1 dﬂ'f dsft_,t . . c {1 N}
L, =Ty, = —— —_— St— =1|,1 ey .
PRt it dt t ﬂ_f Sff,,t t
Hence
A x, 953,
"‘%,i,t — rf’t = Z(l — wu)%)\ij + =5 8); Ey [(UY,tth + soUP,tdZP,t) (VUc,idZt +opidZpy )}
o Sl. S’i,t t
3 $ $
57 =5 X, 957, 2
= Z(l —wig) =g Nt g OX (pYC,iUY,i'YU'C,i + PY PiOY,i0P,i T VPPPC,iOPtOC,i T ‘pUP,i)
o S} Si,t t
,i,7€41,...,N}.
The unexpected nominal stock return in state ¢ is given by
P P Xt 8S?¢ .
ZUR’UdN"j’t + F X (O'Y,ith + SOO'P,idZP,t) s, €{1,...,N},
it

i
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where
$

If we define
S8
Sit = ut
P
then Ito’s Lemma implies that
ds? 58
dS; ¢ it dP 9 it AP
S T, B TR
2 574 it Tt
_ 4P, X, 0S¥, dx, dP,
TR Pt S8 0Xy X¢ Py
_ASh Ap L Xe OS]
Sft Py o S?t 90Xy

Therefore, the real risk premium in state i is

_ 73 ..
UR,ij_ﬁfl,%jE{l,..‘,N}.

t
(opi0y,ippy,dt + WU?:,i)dt-

, 2
(0Pi0Y,ipPY,i + ¢0p;)dt + ppi — VPPC,i0P,i0C,: —

ij + —— (PYCiUYwGCi+’WPPCNPNCz') — YPPC,i0OP,i0C,i
$ 1] 3 > s B > s > B s B
S; Sie X

$ 2 X 8Sz$t 2
BRi = Ti=p,; = HPi+0p; — 5 7y (OPi0Y,iPPY,i T 90p;)dt — T
3 ) SZ . aXt f)
$
X, 057,
= u%,i — r? — upi+ cr?g,i - 8):' (opioy,ipPy,i + goo?g!i)dt + r? — 7
Si,t t
$
X, 0S;
$ $ 2 t 7,t
= e i+ oh, — —
KR i HPi P,i S;'st X,
$
X 85.715
=y, — 18 — - (OPioyippY + 90D )dt = YpPC,iTPi0C
’ S Xt '
5% g8 x, 9s%
_ (1 _ wij) J i A t i,t
JF#i

where

$ $ N =$
Xe 057, X¢ | A¥(Xy) 5 0qp i
= —E A5 (Xp j)—=t= —
Jj=1

o8 s | x,
53, 0Xt 57, Xt 0Xt

Observe that if py ¢ ; = 0 and py p; = 0, we obtain (9) and

$

5% _ 58 x, 0S8,
KRy —Ti = Z(l - wij)JT$l>\ij + (qu@t 8)2',5
];ﬁl 2 2,
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Similarly, the nominal expected risk premium for a corporate bond is

$
1 dﬂ't dBSt st .
— — I — | St— =1
$ $
dt Ty Bst,t
—B$ x, OB%
= E Wz]) 1)\2']'+7t Lt ( Yz’YU'C’iPYCi+UYi0'PiPYPz‘+S00'Pi'70'CiPPC’z+<P‘7P1)7
Z$ B;st aXt ) ) ) ) )

J#i

where

3 R oS e, T

axt B
j=1
and the real expected risk premium for a corporate bond is
$
1 d7r$ dB S¢_ st . 2
St— =1 —7YPPC,i9P,i9C,i — Op;-

——F
8 p$
dt T Bst,,t

OA.L Finite Maturity Corporate Bonds

Proposition OA.3 Conditional on the current state being i, the date-t nominal price of a zero coupon risk-free bond which pays

out one USD at date t + T, is BfT, which is the i’th element of the vector

BS =B} ,....B% )7

where
$ _ _ $ A
B? = exp[—(R ATl Yy,

and 1, is the N x 1 vector of ones, and
. $
R’ = dmg(r?, Ce TR

The time-t nominal price of a zero coupon bond paying off 1 USD at time ¢ + 7, conditional on

Proof of Proposition OA.3.
the current state of the economy being i is given by

From the no-arbitrage condition

oo ) = a5,

applying Ito’s Lemma gives the following linear system

)
.=-—B} Jic{1,...,N},

3 $ $ %
> B~ B )y —riBY 5B
i
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where B?,O = 1. Defining

$ _ $ $ T
QT - (Bl,’r’ et 7BN,7) 9
we have
9 s $_ A\vpS
EET = —(R - A‘)§7—7
where
R® = diag(r§,...,r%),

and Bi:o = 15. Therefore

BY = exp[—(R® - A)7]1y

p

—Drp—1
=FEe "TE" 1y,

where E = [e,,...,ey] and D = diag(di,...,dn), and e, n € {1,..., N}, where e, is an eigenvector of R® — A with corresponding
eigenvalue d,, ordered such that di < ... < dyn. Observe that

N N
Bf, = Z Eipe™ ™7 Z[Eil}kj-
k=1

Jj=1

Proposition OA.4 Finite maturity risk-free debt pays a coupon at the rate ¢ until maturity (time T) and the amount P at

maturity. The time-t price of finite maturity risk-free debt when the current state is i is given by

N

1 1 . 4

B}, =c| -8B, Z ——Pr(sp = jls: =) | + P’BY . (OA.62)
Tp,i = Tp,j

Proof of Proposition OA.4. The date-t value of finite maturity risk-free debt is

T ﬂ_$
$ _ 5 .
Bf,i,T—t =cE |:/ ﬁds\sz: =1
t t

conditional on the current state being i. Hence,

B?int = cE; —‘;ds|sz =i| — E; —‘;ds|st =1
” t Tt T T

$
e

+P$Et |:€|st = 7,:| 5
T

We know that
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Furthermore,

Ey —zds|s; =i
T T

s il 58
B, [gm = } > Br U —Sds|st :a} Pr(st = jls = i)
Tt =1 T Tr

o g $
Ty i N . . T .
Er l:/ —-ds|sT ]:| Pr(sp = jlst = 1) E¢ |: s lst = z]
T Tr s

hE

1

<.
Il

——Pr(sp = j|s; =i)B®

1,7
T

M-

1

$
P,j

<
Il
-

where 7 =T — t and

T . $
E | — sy = = B .
t|:7rt‘t :| o

Equation (OA.62) follows. m

Proposition OA.5 Finite maturity corporate debt pays a coupon at the rate ¢ until default (the random time, Tp) or maturity

(time T ), whichever is earlier, and the amount P% at maturity, if default has not already occurred. The time-t price of finite

maturity corporate debt is

s min(7p,T) ¢ ﬂ_$ s
Bir_, = cE {/ —5dslse = l} +PYE, [£1{7D>T}|St = l} + B {ﬁl{m@}fl?m (Xrp)lse =i
t t t t

0

Closed-form expressions for Bf,ij,T—t

0 ) . . .«
and Bf,z’,T—t are given in the proposition above, whereas pp ; T—+ and qp ;T are

computed by Monte-Carlo simulation.

Proof of Proposition OA.5. The proof follows immediately from the definition of the security.
]

OA.M Dividend Strips

Proposition OA.6 Conditional on the current state being i, the date-t nominal price of an unlevered dividend strip which pays

out the nominal cashflow X4 at date t + 7, is SfT, which is the i’th element of the vector
$ $ $ T
ﬁq—:(sl,-r:"'vSN,-r) ’

where

8% = Xy exp[— (RS — M® — A)r]1,,
and 1, is the N x 1 vector of ones, and

R® = diag(r?, S ,r%)
M® = diag(i% .-, ik n)-

and ,[L?” is defined in (OA.31).

Proof of Proposition OA.6.
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The proof follows the same steps as the Proof of Proposition OA.3.
|

OA.N Markov Chain - Statistics

We now compute the conditional mean of expected consumption growth and the conditional covariance of expected consumption

growth with expected inflation. Suppose the economy is in state ¢ at date ¢t. The expression for E¢[puc ¢4 |5t = 7] is:

N
Etlpc, irulst =1 = Z pe,; Pr(st4u = jlse = 1),

j=1
where
Pr(st+u = jlst = i) = [exp(Au)lij,
and also for Covt e t4u, LPt+u|St = 1]

N
Cove o, t4us HPttulst = 1] = Z(#c,j — Et[puc,irulst = i) (ppy — Btlupirulst = i]) Pr(sipu = jlse =1).
j=1

OA.O Sticky Prices

Here, we show that in a continuous-time New Keynesian model with costly price-adjustment, the expected growth rate of nominal
profits goes up by less than 1% if expected inflation increases by 1%.
The economy consists of a continuum of firms producing differentiated goods and a continuum of identical households. Financial

markets are dynamically complete.

OA.0O.1 Households

There is a continuum of households, who make real expenditure flow decisions and decide how many person-hours to work per unit
time. We sometimes refer to them as consumer-workers. They obtain utility flows from real consumption expenditure flows and

disutility flows from the person-hours they work per unit time. Households are identical, so we maximize the following expected

oo N1t+é
Et/ e 0=t (1nC, — =% ) du,
¢ 1+¢

where C} is related to the consumption flows of individual goods via the Dixit-Stiglitz aggregator, i.e.

11
ct=</ ct(f)li)
felo,1]

where € > 1 is the elasticity of substitution between any two goods.

utility function of the representative agent:

The underlying reason for differentiation across goods could be because of types of goods, branding or quality.
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OA.0.2 Firms, imperfect competition and costly price adjustment

There is a continuum of firms, f € [0,1]. Firms produce differentiated goods, which households can choose to consume. The goods
are differentiated, because the elasticity of substitution between any two goods is finite. Hence, firms have monopoly power, which
they can use to extract rents from consumers by setting prices to maximize firm value.*!

We are assuming that the objective of a firm is to maximize the expected present value of profits as opposed to the welfare of
households, who own the firm. This is because we are modelling the agency conflict between managers of firms who have different
objectives from the firms’ owners, i.e. the households.

Firm f produces good f as follows:

O+(f) = AcNe(f),

where O¢(f) is time ¢ output flow for firm f and N¢(f) is the labor input flow demanded by firm f. The level of technological
progress A is common across firms. Technological change takes place exogenously according to
dA¢

— = pdt dZy,
A, pdt + odZy

where Z is a standard Brownian motion under the physical probability measure P.
The price of good f is denoted by P(f) and firms pay wages at the nominal wage rate Wy, and so firm f’s real profit flow is

Pi(f) Wi

7, O¢(f) — ?tNt(f)-

e (f) =

When firms adjust prices they face quadratic adjustment costs, such that they choose a price process to maximize date-t firm

value net of adjustment costs, i.e.

© Ay 1 (dPy(f)/du\>
J(f)=  sup Et/ = m(n—w(ﬁ) Ou | du,
Pulfuze  Jr D 2 Pu(f)
where the SDF process, A, given by
Ay =e%Ct, (OA.63)

is determined in equilibrium. Observe that in the special case 8 = 0, there are no price adjustment costs, making prices fully
flexible.

OA.0.3 Individual firm’s problem

We now solve an individual firm’s optimal stochastic control problem. An individual firm seeks to exploit its monopoly power to

maximize the expected value if its profits at the expense of householders. Firm f’s optimal stochastic control problem is

* Au 1 (dP.(f)/du\?
Je(f) = E UL (f) - =0 (=220 Oy | du,
= e [T R m- Jo (VY 0]

where the SDF process, A, given by

Ay = e 0tC L.

is determined in equilibrium. We assume that price adjustment costs are redistributed to shareholders, so that the date-t value of

Et/ ﬂnu(f)du.
t

firm f is given by

A¢

“1Tn the limiting case of € — oo, goods are no longer differentiated and firms have zero monopoly power.
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Assuming that the aggregate price index is locally-free, date-t inflation is given by up; = p%%

relationship between real profits flows, inflation, and the nominal interest rate, as shown below.
Proposition OA.7 If the nominal interest rate rule is given by
$ _
T = a0 T a1pp,

then nominal profit flow for firm f is given by Hf (f), where

dInT(f) = das — [(e = 1)(1 + ¢) — 1])(ao0 — rn)dt + pup ¢dt,
with

=1— (= 1)(1+¢) —1)(as — V)],

where ry, is the natural rate of interest given in (OA.72).

and we can obtain a

Ife>1+ ﬁ and a1 > 1 (i.e. the Taylor principle holds), then ¢ < 1, and so, expected nominal profit growth increases by

less than one percentage point when inflation increases by one percentage point.

Proof of Proposition OA.7

Firm-level optimal price setting problem

We solve the firm-level optimal price setting problem. We have the standard result that

ey = (2

In equilibrium C¢(f) = O¢(f) and C¢ = Oy, and so,

oup/on= (20) .

Since we have Ct = Oy, firm f’s optimal stochastic control problem is

Du(f) - 20 (dp“(f)/d“fou] du,

Ji(f) = Oy sup Et/ e—du—t) -1
‘ ' 2\ Pu(h)

(Pu(f))uzt

Now observe that

i) = (B2 - 2 Y o)
(28025 (40)

() ) )

Therefore

J(F) =00 s Et/tme—a(u—w {(Pﬂf))l‘e W (20} Ly (4Rulr)de

(Pu(f))ust Py 2 Pu(f)
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The above problem is equivalent to

Py

oo
Je(f) = sup Et/ e 0u—t) P
u>t t u

(Pu(f))

(Pu(f))m W, (Pu(f))ela(W‘>2]du.

" PuA, 2 P.(f)

We assume that prices are locally risk-free. The firm uses the control dP:(f)/dt to alter the state variable P:(f), and so we define

_ _ ar(f)
FP(ne = g

Firm f’s problem is to choose the rate of change for the price of good f, i.e. up(y) to maximize

s e () R ) ()

To solve the individual firm’s problem, we apply the stochastic maximum principle. Define the Hamiltonian

(PO W (PO 1, (Frge ) dJy
Ht‘( Py ) *PtAt( Py ) 29<Pt(f)> +Et[dt]'

The HJB equation is

_sup He — 8Jy
KP(f),t
The FOC is
ng(f)’t =0, (OA.64)
and so
Jpcpy = 9% (OA.65)

Differentiating the HJB equation with respect to the state variable P(f) gives

Op(s) 45
Hew T Hueg gpipy 0P =0

Using the FOC (OA.64) we obtain
Hp () = 8Jp(s) =0

Therefore

L (PO _ W 1 (PO Erp dpp] s

The above equation tells us that at the optimum the marginal loss in revenues from higher prices and the marginal loss from price

adjustment costs must be offset by marginal gains from lower labor costs and changes in the present expected value of future profits.
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Using the FOC (OA.65), we obtain

— 2 — —
L (P(f)\~° L (Epp\" _ W 1 /P(HY ! d(fpp/P(f)?) Ep(f)
(6‘1)5( P ) ) <P(f)> ’67*( ) +6E’f[ at ]‘5"p(f)2'

Define inflation in good f via

1 dP(f) PPt
weD) =By " a T B

Hence

(P(f))fefl ol p [dm;,;(f)} _6922%)’

By symmetry

P(f) = Py,
and so
dP(f) dP;
dt = dt = = —.
HPt wpe(f) P B
Therefore, the real wage rate is given by
7= [(1-2) -2 (= [T ] - oer)]
— =A 1--)—--(E | =4 . OA.66
B ¢ - o O WPt ( )

Real profit flow for firm f is hence given by

m(h) = (1= o) ouls)

- PA
e e 2] o

Representative household’s stochastic optimal control problem

We now derive an expression for O; and hence O¢(f) in terms of the nominal interest rate i. We need to consider the

representative household’s stochastic optimal control problem, which is

o N1+
Vi = sup Et/ e—é(uft) InC, — v du,
(Clust: Nuduser (bu)use  Ji 1+¢

subject to the dynamic intertemporal budget constraint

1%
dH; = (rth T ?tNhJ - ct) dt + Heey (dPp¢ + Tedt)
t

where H; is the time-¢ financial wealth of the representative household, Pp ; is the time-t real present-value value of future real

[e’s} Au
PD,t =E; Tnu
¢ t

aggregate profits, i.e.
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and ¢¢ is the fraction of financial wealth invested in the claim to future profits, i.e. the risky stock. Define

at = In Aq,
ht = h’lHt — Qt,

Ct = lnCt — Qat.

Therefore
oo
Vi = E: / e 0=t g du+ \7,5,
t
where
. o (1+¢)nqy
Vi = sup Et/ e d(u=t) (cu SR ) du,
Cw)uzt: wuse: Gu)use:  J 1+¢
and
ct—hye Wt ne—he 1 2 2
dhy = { [rt + ¢e(pRre — 7)) — M + ——e™t T — —@iop — pa ¢ dt + $toR tdZR,s — 0dZt,
APy 2
where
da 1
pa = Fy |:d7tt:| =u— 5‘72’

and

1 dPp ; + I dt

MRt = 7Et - 5 |>
dt PD,t
dP I1;:dt dP II;dt
opidZp, = SRt T A | @D el
PD,t PD,t

2
1 dPp ¢
OR,t = fEt .
dt Pp ¢
The Hamilton-Jacobi-Bellman equation for the household’s stochastic optimal control problem is

(1+¢)ny . R W 1

e t —

0= 5 ct—hy n¢—hg 2 2 }
=supct — 71 -6V + Vh,t{[rt+¢t(uR,t—Tt)] —€ + 7tpt€ - *2¢t0R,t — Ha

1 .
+ 5(¢%GI2%,t —2pR,t00R,t + 02)th,t + terms stemming from other state variables which are not controlled,
where
pRytdt = FE; [dthZR].
The FOCs are
1=ect=hty,,

Wi .
ent(1+¢) — ent—heyr ,
e ot

1% —r) =V
b = ht(BR,e —Tt) hh,tﬂO'R,tU7ifa_R7t7£0. (OA.68)

— -
TRt (Vh,t - th,t)
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The first two FOCs can be combined to yield

Wi
APy

o — ot ni(140)

In equilibrium, markets clear and so
ct = ng.

Hence

ene+g) — Wt
APy

Since In Ot = y¢ = at + nt we have

& — o(I+P)(yt—at)
ed Py '

which is equivalent to

()
A

PAy
Using the Ansatz (standard for logarithmic preferences)
Vi = anht + jt,
where j; is independent of h¢, we see that

KRt — Tt
bt = —5—.

2
IRt

The three equation model in continuous-time with aggregate risk

In equilibrium, open interest in the bond market is zero, and so ¢: = 1, yielding

BRt =Tt = 0%, (OA.69)

It follows from (OA.66) that

O\ 119 1 0 dup
— =1--—--(FE e ) OA.70
(%) G R (©A0)

When the cost of adjusting prices is zero, i.e. § = 0, then

On,t \1T® 1
NI+e ( ,t) .1 (OA.71)
At

where we append a subscript n to equilibrium variables. Hence,

1
1
Oni = ANy = A (1 - f) e

€

and so (via (OA.63)), it follows that with 6 = 0,



Applying Ito’s Lemma, we obtain

dA
T: = —rpdt — OndZs,
where
1,
rm =0+ p— 5 (OA.72)
0, =o.

Now, from (OA.70) and (OA.71), we obtain the stochastic and nonlinearised version of the New Keynesian Phillips Curve:

d,
etFeler =1 — 7 (Et [ l:;’t] - 5up,z) :

where

_e—l
and

Tt = Ot — On,t

is the output gap, with
ot = In Ot7

on,t =InOn .

Hence,

1
dupy = [(mp,t - (eCtelee — 1)} dt + dMy ¢, (OA.73)

where E¢[dMy ] = 0. The transversality condition from the firm’s optimization problem is

lim E e T Y upr] =0, (OA.74)
T— o0
Solving (OA.73) backwards in time from the date-T', we obtain

T
1
wpt = ;Et/ e*5(u7t) (e(1+¢)zu _ 1) du + Ei[eia(TiﬂﬂP,T]-
t

Letting T' — oo and imposing the transversality condition (OA.74) gives

oo
s = LB, [/ 0=t ((+0)7u 1) qu| . (OA.75)
-
t
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From the Feynman-Kac Theorem, we obtain the ode

1 1
0= goi,m’é(wt) + pra,tip (xe) — dpp(ae) + - (etHolee — 1),

where

The equilibrium SDF is given by
Ay =e70t0; 1. (OA.76)

Therefore, the time-t value of the claim to aggregate output flow is

¥ Ay Ou
. At O

Po s = OiEy

Time-t labor income flow is given by

W,
Ly = —' Ny = Oy N} 2.
Py

Therefore, the time-t real present-value of labor income flow is given by

Pr, = E ﬁLudu = OE; e =t Ny1+¢ gy,
. A t
/ e—é(u—t)Ni+¢du:|
t
1 oo
- (1 - 7) OEx =8(u=1) ((140)zu gy,
€ t
1 1
(= ()
€ 1

The present value of real profits is given by Pp ;, where

= OB

O
Ppiy+Pry=Po = =t

1)
Therefore,
10 1 Y;
Ppy=—-—t—1 (1 - *) Yipps = —(1— 00upy). (OA.TT)
€ o € €

From, (OA.76), we obtain

InA = -6t — on,t — x4,
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and so, applying Ito’s Lemma gives

dln A = —édt — day — dxy,
where a; = In A¢. Hence

1
dln A = —édt — (u - 502> dt — odZy — dxe,

We know that

1
Et[dinA¢] = — (rt + 5@5) dt,

where ¢ is the equilibrium risk-free rate and ©; is the equilibrium market price of risk. Hence
1, 1.2
Et[dzt] = 757;14» 50’ +Tt+§@t dt
Therefore, we obtain
1 1
dzy = (—5 —nt ot 5@?) dt + dM, .y,

where My = (Mz)ie7 is a stochastic process such that

E¢[dMz,¢]) = 0.
This just means that M, is a local martingale. It follows that

dln At - Et [dln At] = —O’dZt - de,t-
If we assume that M, is a continuous stochastic process, then (via the Martingale Representation Theorem)
dMy = 0z 4dZs ¢

where Z; = (Zz,t)te7 is a standard Brownian motion and o, is stochastic process (which has to be adapted to the relevant

filtration). Therefore, by making the sole assumption that M is a continuous process, we obtain

1 1
dxy = (*5 i Uy 50'2 +re + 5@?) dt + 0z, tdZz t.

If we assume that only fundamental shocks can be present, ruling out sunspot equilibria, then Z; = Z, and so
L, 1.2
dx: = —6—,u+§a +rt+§®t dt + o4, tdZ;.

It follows that
dIn Ay — Ei[dIn A¢] = —0:dZ;.
where

—@tdZt = —O'dZt — Ux7tdZt.

Therefore

Ot =0+ 04,
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and
1, L/ o 2
dey = (-6 —p+ 50’ +7re + 3 (o’ + 200z, + O'IJ) dt + oz, tdZ:
1
= (Tt —Tnt 5Ow (20 + Uac,t)) dt + 04,tdZt,
where rj, is the natural rate of interest given in (OA.72). Inflation is locally risk-free, so the nominal interest rate is given by

'rf =rt+ 1P,

and so, given xp, we obtain the stochastic dynamic investment-savings curve:

1
dry = (rf — [Pt —Tn + an’t (20 + Uw,t)) dt + 04,:dZ;. (OA.78)

Returning to (OA.75), we see that pup s = pp(zt), and so (OA.73) can be rewritten as
1
dppy = [Mm -z (e(1+¢)xt - 1)} dt + plo(z0)oz,1dZs. (OA.79)
T

Showing the output gap is locally determinstic
We now show that if the nominal interest rate depends only on the output gap and inflation, then o4 :=0. If we apply Ito’s

Lemma to (OA.77), after some algebra, we see that

dPp ;¢ + Il dt

= (’I“t + O'R7t0'oyt)dt —+ O'RytdZt, (OA.SO)
Pp ¢

where

1
e =06+ po,t — 5U§,t,
Ho,t = Ha + Hz,t,

Oo,t =0 + Ot

00p’p (x¢) 0wt
1—60up(ze)

OR,t = Oo,t —

Observe also that

dP II:dt dA¢ dP;
B D,t + 11t —rtdt}:—Et[t D,t:|

Pp ¢ Ay Pp

and so (OA.80) is consistent with no arbitrage. We can write
HR,t =Tt + ORt00,t,
but we also have (OA.69), and so

2 _
TRt = OR,t00,t-
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Therefore og ¢ = 00r oR,t = 0o,t. The case g ¢ = 0 is ruled out via (OA.68), and so og,; = 0o,t, which implies that p/, (2t)oz,t = 0.

Therefore, at least one of the following two equations holds:
pp(ae) =0
ozt = 0.
Observe that if u/;(xt) = 0, then the ode for inflation, , implies that

1
W () = 5(6(1+¢>)m —1),

which can only be valid if x¢ is constant, which is not the case, so we have a contradiction. Therefore o5 = 0. Hence, if the
nominal interest rate does not depend on any shocks in addition to Z, then = and up; evolve deterministically, and so (OA.78)
and (OA.79) reduce to

dl‘t $
g = (r{ —upt—"Tn),

dip.i L tore
o :zilup’tf;(e t*l).

Endogenous sticky cash flows
If 04t =0, then (OA.67) reduces to

I (f) = E + g (% —5MP,t)} O(f).

Therefore,

InTL(f) = In [1— (e~ 1) +9% —1)] +In0y(f) ~ Ine

=—(e—1)(1+ @)zt + InO¢(f) — Ince,

where the last line follows by using an linear approximation. Applying Ito’s Lemma gives

dInIly(f) =dat + [1 — (e — 1)(1 + ¢)]dz:

= dar + [1— (e = )1+ @)(rf — pps — ra)at.
Now, if the nominal interest rate is given by
it = ag + a1lp,t,

then we have

dInIl;(f) = day — [(e = 1)(1 + ¢) — 1][ag — 7 + (a1 — 1)pp,¢]dt.

We therefore see that if inflation increases by one percentage point, then real profit growth decreases by [(e —1)(1 + ¢) — 1](a1 — 1)
percentage points. Observe that (e — 1)(1 + ¢) — 1 > 0 if and only if

1
e>1+ ——.
14+¢

Defining nominal profit flow for firm f via

18 (f) = PIL(f),
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we obtain

dInT(f) = das — [(e — 1)(1 + ¢) — 1][ao — ra)dt + pup cdt,

where

p=1—1[(e—1)(1+9)—1)(as — D).

Therefore, if € > 1+ ﬁ and a; > 1, then ¢ < 1, and so, expected nominal profit growth increases by less than one percentage

point when inflation increases by one percentage point.
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